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Abstract
We consider the quantization of the effective target space description of topo-
logical M-theory in terms of the Hitchin functional whose critical points de-
scribe seven-manifolds with G2 structure. The one-loop partition function
for this theory is calculated and an extended version of it, that is related to
generalized G2 geometry, is compared with the topological G2 string. We
relate the reduction of the effective action for the extended G2 theory to
the Hitchin functional description of the topological string in six dimensions.
The dependence of the partition functions on the choice of background G2
metric is also determined.
1 Introduction
Topological string theory on Calabi-Yau manifolds has been the source of
many recent insights in the structure of gauge theories and black holes. The
traditional construction for topological strings is in terms of topologically
twisted worldsheet A- and B-models, computing Ka¨hler and complex struc-
ture deformations. The topological information these theories compute is
encoded in Gromov-Witten invariants.
More recently a target space quantum foam reformulation of the A-model
in terms of the Ka¨hler structure has emerged [1, 2]. The topological informa-
tion computed are the Donaldson-Thomas invariants, providing a powerful
reformulation of Gromov-Witten invariants. For topological string theories
on Calabi-Yau manifolds there are additional well-developed computational
tools using open-closed duality such as the topological vertex or matrix mod-
els.
In comparison, topological theories onG2 manifold target spaces are much
less explored. One motivation to consider such theories is since the G2 struc-
ture couples Ka¨hler and complex structure naturally, such a theory would
couple topological A- and B-models non-perturbatively, a coupling which we
expected to exist following recent work on topological string theory. A recent
proposal for topological theories on G2 manifolds that goes under the name
of topological M-theory was given in [3].
The classical effective description of topological M-theory is in terms of a
Hitchin functional [4]. Alternative topological theories on G2 manifolds em-
ploying quantum worldsheet/worldvolume formulations have been proposed
in terms of topological strings [5] and topological membranes [6, 7, 8, 9] 1.
The topological G2 string and topological membrane theories [8] have the
same structure of local observables associated to the de Rham cohomology
of G2 manifolds. The full quantum worldvolume formulation of these theo-
ries, especially the computation of the complete path integral is much more
difficult though than for the usual topological theories on Calabi-Yau target
spaces 2 .
1A topological version of F-theory on Spin(7) manifolds which are trivial torus fibra-
tions over Calabi-Yau spaces was also considered in [10].
2The topological G2 string partition function is only well-understood below genus two.
At genus zero it computes the Hitchin functional while its genus one contribution will
be calculated in this paper. The topological membrane partition function is written only
formally.
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In this paper we attempt to understand the moduli space of topological
M-theory in terms of a G2 target space description. Our strategy is similar
to the A-model quantum foam, where one considers fluctuations around a
fixed background Ka¨hler form. Here the quantum path integral is computed
in terms of a topologically twisted six-dimensional abelian gauge theory.
Analogously, the stable closed 3-form encoding the G2 structure in seven
dimensions can be understood as a perturbation around a fixed background
associative 3-form. Locally the fluctuation can be regarded as the field
strength of an abelian 2-form gauge field. Unlike the A-model quantum
foam, however, expanding the Hitchin functional to quadratic order around
this fixed background gives a seven-dimensional gauge theory that is not
quite topological but which is only invariant under diffeomorphisms of the
G2 manifold.
We will analyze the quantum structure of this theory by taking the 2-form
gauge field to be topologically trivial. In practise this means we will neglect
certain ‘total derivative’ terms in the expansion of the Hitchin functional
involving components of the bare 2-form gauge field 3 . This will allow us
to generalize to seven dimensions the approach used by Pestun and Witten
[11] to quantize the Hitchin functional for a stable 3-form in six dimensions
to 1-loop order. This approach is based on the powerful techniques devel-
oped by Schwarz [12] for evaluating the partition function of a degenerate
quadratic action functional. The structure of the partition function here is
most naturally understood by fixing the gauge symmetry of the action using
the antifield-BRST method of Batalin and Vilkovisky [13]. See [3, 27] for
possible alternatives to the perturbative quantization we consider here.
We will also investigate whether the 1-loop agreement found by Pestun-
Witten [11] between the partition functions of the extended Hitchin func-
tional in six dimensions and the topological B-model has some analogy in
seven dimensions. In particular we will repeat the 1-loop partition function
calculation for the extended Hitchin functional in seven dimensions to com-
pare with the topological G2 string. We find they are related only up to
a multiplicative factor, corresponding to the Ray-Singer torsion invariant of
the background G2 manifold. It is not clear to us whether precise agree-
3For more conventional gauge theories such local ‘total derivative’ terms usually cor-
respond to topological invariants computing certain characteristic classes for the gauge
bundle from the patching conditions. Unlike in conventional abelian gauge theory where
the gauge field corresponds to a connection on a line bundle over the base space, the 2-form
gauge field we have here corresponds to a connection on a gerbe.
2
ment could be obtained by a more careful analysis incorporating the global
topological structure of the local total derivative terms we have dropped.
Nonetheless, it seems that the topological symmetry of such terms could po-
tentially give rise to non-trivial 1-loop determinants which we have ignored.
Our 1-loop quantization of the generalized G2 Hitchin functional is in
terms of linear variations of a closed stable odd-form in seven dimensions.
However, the odd-form can be parameterized non-linearly in terms of other
fields, that would be related to the dilaton, B-field, metric and RR flux
moduli in compactifications of physical string theory on generalized G2 man-
ifolds. Hence an additional question is if we are using the appropriate degrees
of freedom to describe the quantum theory. It would be interesting to see if
our results could be checked by comparison with the couplings appearing in
effective actions for generalized G2 compactifications of physical string and
M-theory.
A summary of the content of the paper is as follows. In section 2 we
consider the expansion to cubic order of the Hitchin functional for a stable
3-form in seven dimensions around a fixed background G2 manifold. It is
only the quadratic term in the expansion that will contribute to the 1-loop
partition function. The local total derivative terms will be identified in this
quadratic action. Section 3 begins with a brief summary of the Lagrangian
antifield-BRST or BV formalism followed by a detailed analysis of the BV
quantization of the quadratic Hitchin action in seven dimensions. Section 4
begins by summarizing the theory of elliptic resolvents used in [12]. We will
then identify the resolvent that describes the BV quantized seven-dimensional
quadratic Hitchin action. This will allow us to express the partition function
in terms of determinants of elliptic operators in the resolvent. In section 5 we
will repeat the aforementioned analysis for the generalized Hitchin functional
for a stable odd-form in seven dimensions. Section 6 contains a calculation of
the 1-loop partition function of the topological G2 string, which will be com-
pared with the Hitchin functional computations. In section 7 these results
will be compared with the Pestun-Witten analysis in one dimension lower.
Section 8 describes the dependence of these 1-loop partition functions on the
choice of background G2 metric and proposes a seven-dimensional origin for
the gravitational anomaly in the B-model. Section 9 contains our conclusions
and a summary of interesting open questions related to this work.
3
2 Perturbation of Hitchin functional
Consider the proposed classical effective action for topological M-theory [3]
given by the Hitchin functional
1
7
∫
M
Φ ∧ ∗ΦΦ , (2.1)
for a stable closed 3-form Φ, whose extrema within a given cohomology class
of Φ define metrics of G2 holonomy. Recall that a Riemannian metric g can
be constructed from Φ using the formula
√
g gMN =
1
144
ΦMAB ΦNCD ΦEFG ǫ
ABCDEFG =: GMN , (2.2)
and it is with respect to this metric that the Hodge-star ∗Φ is defined. When
both Φ and ∗ΦΦ are closed the Levi-Civita connection of the metric g has
holonomy in G2 and (2.1) corresponds to the volume
volM =
∫
M
√
g =
∫
M
(detG)1/9 , (2.3)
of the G2 manifold M .
We will consider the expansion of the Hitchin functional (2.1) around a
fixed harmonic 3-form φ that encodes the geometry of a background metric
of G2 holonomy, that is
dφ = 0 , d∗φ = 0. (2.4)
We define M0 to be the seven-manifold M equipped with this background
metric. For simplicity we take φ such that it reconstructs a flat metric al-
though all subsequent formulae generalize in a straightforward way for curved
G2 backgrounds.
Since Φ is closed then expanding around the fixed background
Φ = φ+H , (2.5)
implies that dH = 0. The 3-form perturbation H is then understood as the
field strength of an abelian 2-form gauge field B, which locally can be written
as H = dB.
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One can expand
GMN = δMN +AMN + BMN + CMN , (2.6)
in powers of H , such that
AMN = 1
4
H ABM φNAB +
1
4
H ABN φMAB
BMN = 1
8
HMABHNCD ∗φABCD
CMN = 1
144
HMABHNCDHEFG ǫ
ABCDEFG , (2.7)
where indices are contracted using the flat background metric. To cubic order
in H , one finds
(detG)1/9 = 1 + 1
9
trA+ 1
9
[
trB − 1
2
tr(A2) + 1
18
(trA)2
]
+
1
9
[
tr C − tr(AB) + 1
9
trA trB
+
1
3
tr(A3)− 1
18
trA tr(A2) + 1
486
(trA)3
]
. (2.8)
The unit term corresponds to the volume measure for the flat background.
The linear term trA = 1
2
φMNPH
MNP is locally a total derivative which we
will ignore in our analysis. The quadratic and higher order terms become
more complicated and so we will discuss their structure separately.
2.1 Quadratic part
Let us first note some useful identities that will allow us to write the quadratic
terms in the Hitchin functional in a convenient way. The projection operators
in (B.2) can be used to decompose the 3-form
HMNP = (P
3
27
H)MNP + (P
3
7
H)MNP + (P
3
1
H)MNP
= XMNP + ∗φMNPQ Y Q + φMNP Z , (2.9)
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where YM =
1
24
∗φIJKMHIJK and Z = 142 φIJKHIJK. The first identity in
(A.2) then implies
2XMNP = −3XIJ[M∗φNP ]IJ (2.10)
(24)2 YMY
M + (42)2 Z2 = 6HMNPH
MNP + 9 ∗φIJKLHIJMH MKL .
Substituting the decomposition (2.9) into the second term in the right hand
side of (2.11) gives
HMNPH
MNP = XMNPX
MNP + 24 YMY
M + 42Z2 . (2.11)
This is useful because AMN = 12X ABM φNAB + 3 δMN Z (using the identity
X ABM φNAB = X
AB
N φMAB) and explicit calculation gives
tr(A2) = 1
3
XMNPX
MNP + 63Z2 , (2.12)
so that using the previous identity implies
trB − 1
2
tr(A2) + 1
18
(trA)2
= −1
4
|HMNP |2 + 1
48
|∗φMNPQHNPQ|2 +
1
72
|φMNPHMNP |2 . (2.13)
One can check explicitly that the integral of this quadratic term is invariant
under δφMNP = 0, δBMN = φMNPv
P (i.e. under background-preserving
diffeomorphisms δxM = −vM(x)).
The quadratic term above is related to the metric on the moduli space of
G2 manifolds described by Hitchin in [20], this metric being just the second
functional derivative of (2.1) with respect to Φ. In particular, if we define
δΦ = H then (2.13) can be used to write
1
9
[
trB − 1
2
tr(A2) + 1
18
(trA)2
]
d7x =
1
6
δ(∗ΦΦ) ∧ δΦ , (2.14)
where
δ(∗ΦΦ) = 4
3
∗ P3
1
(δΦ) + ∗P3
7
(δΦ)− ∗P3
27
(δΦ) =: ∗L(δΦ) , (2.15)
to linear order in δΦ, using the identities mentioned above and in appendix
A (∗ being the Hodge dual with respect to flat background φ). The linear
6
combination L = 4
3
P
3
1
+ P3
7
− P3
27
of 3-form projectors has been defined for
notational convenience in forthcoming expressions. From this perspective
it is clear that the G2 moduli space metric has (1 + b
3
7
, b3
27
) signature. This
corresponds to the Lorentzian signature (1, b3−1) for smooth compact seven-
manifolds with full G2 holonomy.
Like the linear term, some terms in the quadratic part of the Hitchin
functional are also local total derivatives. To see this let us locally decompose
the 2-form gauge field into irreducible representations of G2
BMN = B˜MN +
1
6
φMNPA
P , (2.16)
using the 2-form projection operators defined in (B.2), where B˜MN ∈ Λ214
and AM = φMNPBNP . Plugging this expression into (2.13) one finds
trB − 1
2
tr(A2) + 1
18
(trA)2
= −1
4
|H˜MNP |2 + 1
48
|∗φMNPQH˜NPQ|2 (2.17)
+∂M
[
1
6
A[M∂NA
N ] +
1
24
∗φMNPQAN∂PAQ − 1
4
φMNP H˜NPQA
Q
]
,
where we define H˜ = dB˜. This is just for notational convenience, H˜ is
certainly not a gauge-invariant field strength. The integral of the second line
in (2.17) is however gauge-invariant under δB˜ = P2
14
dλ. The third line in
(2.17) involving the component A in the 7 irrep of G2 is the aforementioned
local total derivative. We will ignore these terms in the BV quantization in
the next section. When B is topologically trivial we are justified in neglecting
them and their omission can be understood in terms of fixing diffeomorphism
symmetry (by relating AM to the diffeomorphism generator vM).
For the analysis in the next section it will be convenient to label the
integral of the second line of (2.17) S0 and rewrite it in form notation as
S0 =
3
2
∫
H˜ ∧ ∗LH˜ = 3
2
∫
H˜ ∧ ∗
(
2P3
7
H˜ − H˜
)
, (2.18)
which can be easily derived from (2.14) and (2.15) using the identity P3
1
H˜ =
0.
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2.2 Cubic part
The terms of cubic order in the Hitchin functional are most conveniently
expressed in terms of the projections X , Y and Z ofH defined in the previous
subsection. The new terms one must calculate (that are not just polynomials
of the quadratic and linear ones) are
tr(A3) = −1
2
XMABX
NABXMCDφNCD +XMNAXNPBXPMC φ
ABC
+3 |XMNP |2Z + 189Z3
tr(AB) = −3
8
XMABX
NABXMCDφNCD +
1
2
XMNAXNPBXPMC φ
ABC
+
2
3
|XMNP |2Z − 1
2
XMABφ
NABY MYN +
1
7
tr(A) tr(B) (2.19)
tr C = − 1
12
XMABX
NABXMCDφNCD +
1
6
XMNAXNPBXPMC φ
ABC
− 1
12
|XMNP |2Z +XMABφNABY MYN + 6 |YM |2Z + 7Z3 .
Combining these expressions one finds
tr C − tr(AB) + 1
9
trA trB + 1
3
tr(A3)− 1
18
trA tr(A2) + 1
486
(trA)3
=
1
8
XMABX
NABXMCDφNCD +
3
2
XMABφ
NABY MYN
− 1
12
|XMNP |2Z + 2 |YM |2Z + 14
9
Z3 . (2.20)
This diffeomorphism invariant cubic term can be understood as a BRST
invariant operator deforming the quadratic action calculated above. It will
not effect the 1-loop calculation of the partition function we are interested
in here but is important when going beyond this order.
3 BV quantization
Before getting into the details of the BV quantization of the quadratic Hitchin
action, it may be helpful to set up terminology by first giving a brief review
of the Lagrangian antifield-BRST formalism, following the excellent lectures
by Henneaux [14] where more details can be found.
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3.1 Lagrangian antifield-BRST formalism
The basic idea is to implement the restriction of the configuration space
spanned by functions of all fields {φ} ∈ I in a given field theory with clas-
sical action S0[φ] to the physical subspace of functions of on-shell configu-
rations Σ ⊂ I modulo gauge-equivalence, by means of constraints involving
a nilpotent BRST operator Q on the former space giving the latter space
as its cohomology. The construction of Q can be understood in terms of
two preliminary nilpotent operators δ and d 4 which are used to individually
impose the on-shell and gauge-equivalence constraints respectively.
The zeroth homology group H0(δ) is known as the Koszul-Tate resolution
of C∞(Σ). It turns out to be sufficient to consider H0(δ) due to a consistency
condition implying that all higher homology groups Hk>0(δ) must vanish.
The grading of δ is called antighost number ({φ} have antighost number zero
while δ itself has antighost number −1 which is why the on-shell configuration
space is a homology rather than cohomology group). In the absence of gauge
symmetry, the structure of H0(δ) is necessarily simple. The kernel (ker δ)0 =
C∞(I). The image (im δ)0 is the subset of functions whose vanishing defines
all the equations of motion. Thus one has implicitly defined a set of so-called
antifields {φ∗} such that δ acting on each antifield φ∗ is proportional to the
field equation for φ (thus {φ∗} have antighost number 1).
In the presence of gauge symmetry one still has H0(δ) = C
∞(Σ) but
now one finds Hk>0(δ) 6= 0 which contradicts the consistency condition. The
reason for this is because gauge transformations of the antifields {φ∗} are
closed under δ and thus lie in H1(δ). The trick is to introduce more so-
called antighost fields {C∗} (with antighost number 2) such that each of the
δ-closed irreducible gauge variations above equals δC∗ and is therefore trivial
inH1(δ). This turns out to be sufficient if all gauge symmetries are irreducible
(i.e. if no possible gauge transformations of fields vanish or are proportional
to equations of motion). For each reducible gauge symmetry one can have
a non-trivial element of H2(δ) which is again avoided by adding another
antighost field η∗ (with antighost number 3) to trivialize it. Obstructions to
the triviality of Hk>2(δ) will not concern us here and we refer the interested
reader to [14] for a discussion of their resolution.
The zeroth cohomology group H0(d) corresponds to the algebra of gauge-
4This notation will be used exclusively in this subsection and is not to be confused
with general infinitesimal variations labeled δ and spacetime exterior derives labeled d
elsewhere in the paper.
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invariant functions on Σ. Non-vanishing higher cohomology groupsHk>0(d) 6=
0 are allowed. The grading of d is called pure ghost number ({φ} have pure
ghost number zero while d itself has pure ghost number 1). The action of
the vertical exterior derivative along gauge orbits d is generated by the set
of tangent vectors {X} at {φ} on Σ. The number of such tangent vectors
equals the number of linearly independent gauge symmetries. It is convenient
to define the set of 1-forms or ghosts {C} as the dual of the tangent vectors
{X} (thus {C} have pure ghost number 1). In the case where there exist
reducible gauge symmetries, the set {X} form an overcomplete basis since
its elements are subject to linear algebraic constraints on Σ (one constraint
per reducible symmetry). It turns out one can enforce these constraints au-
tomatically by modifying the action of d on {C} in terms of additional ghost
for ghost fields η (one per reducible symmetry with pure ghost number 2) to
create a free differential algebra.
Collecting all these fields together we see that there is a perfect match
between the number of (fields+ghosts) Φ = {φ, C, η} and anti(fields+ghosts)
Φ∗ = {φ∗, C∗, η∗}. The physical BRST operator Q acts on both Φ and
Φ∗ and its cohomology can be understood as the cohomology of d on Σ.
Schematically one has Q = d + δ + ‘extra’ and it turns out one can always
choose ‘extra’ such that Q2 = 0. For relatively simple abelian gauge theories
like the one we consider there are no ‘extra’ terms. The grading of Q is
called ghost number which, from the formula above, is given by the pure
ghost number minus the antighost number. Hence {η∗, C∗, φ∗, φ, C, η} have
ghost numbers {−3,−2,−1, 0, 1, 2}. Since Q is a fermionic nilpotent operator
then {φ, C∗, η} obey bosonic statistics while {φ∗, C, η∗} obey fermionic ones
(we have assumed the original fields {φ} are all bosonic).
The pairing between Φ and Φ∗ implies the existence of a graded symplectic
structure on the space of fields given by the antibracket 5
(A,B) =
δrA
δΦ
· δ
lB
δΦ∗
− δ
rA
δΦ∗
· δ
lB
δΦ
, (3.1)
where A and B are arbitrary functionals of both Φ and Φ∗. The symbol ·
denotes summation over all common indices of all fields in Φ and Φ∗. For
the theories we will consider, elements of Φ will be in form representations
and it will sometimes be more convenient henceforth to take elements in
5It must be stressed that the antibracket in Lagrangian formalism is not induced from
the Poisson bracket in Hamiltonian formalism. The antibracket seems to be a purely
auxiliary structure that is lost when one fixes a gauge.
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Φ∗ to be in the Hodge-dual representations to their partners in Φ. Thus
we would understand the antibracket above as the coefficient of a top-form
in spacetime and replace the contraction of common indices · with a wedge
product . The superscripts on the functional derivatives denote a right (r)
and left (l) action on A and B, which is required by the grading.
The antibracket is useful because it allows the construction of the minimal
BRST-invariant action S[Φ,Φ∗], involving ghosts and antifields, that includes
S0[φ]. This is achieved by solving the master equation
QF = (F, S) , (3.2)
for any functional F . Nilpotence of Q ensures that (S, S) = 0. An immediate
consequence of the master equation is that QΦ = δ
lS
δΦ∗
and QΦ∗ = − δlS
δΦ
.
The proper solution S is referred to as minimal because one can always
introduce new variables {C¯, π} (and their respective antifields {C¯∗, π∗}) that
are cohomologically trivial in H0(Q) (i.e. QC¯ = π , Qπ = 0, Qπ∗ = C¯∗,
QC¯∗ = 0) and which do not contribute to Hk>0(Q). Thus one can add terms
of the form
∫
C¯∗ · π to S to obtain the most general solution of the master
equation. Such non-minimal terms typically arise in the process of gauge-
fixing where the antifields {C¯∗} are related to the gauge-fixing functions and
{π} act as Lagrange multipliers imposing C¯∗ = 0.
The final step is to remove the degeneracy (i.e. gauge symmetry) in
the action above in a way that preserves the BRST structure, which will
allow a more straightforward evaluation of the path integral. If there are
2N fields in {Φ,Φ∗} then this gauge-fixing can be achieved by eliminating
half of them via N constraints {Ω = 0}. Such constraints are guaranteed
to preserve the BRST structure provided the antibracket of any two Ω in
the set vanishes 6 . A convenient way to satisfy the above constraint is
to eliminate all the antifields by setting each Φ∗ = δ
rΨ
δΦ
for some choice of
gauge fermion functional Ψ[Φ] (this choice is by no means unique). It is
evident from the definition that Ψ must be fermionic and have ghost number
−1. Notice that this constraint has removed the antibracket structure for
the gauge-fixed theory. The aforementioned gauge choice can be understood
geometrically as restricting to a Lagrangian submanifold of the symplectic
manifold parameterized by {Φ,Φ∗} (these terms of course being used in the
graded sense).
6That is their antibracket is invariant under canonical graded symplectic transforma-
tions which define the ambiguity in determining the minimal action S from the master
equation.
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3.2 BV quantization of quadratic Hitchin action
We are now prepared to examine the quantum structure of (2.18) for B˜ ∈ Λ2
14
following the logic of the previous subsection.
In addition to the 2-form gauge field B˜ we need a 1-form fermionic ghost
ψ and a 0-form bosonic ghost-for-ghost ϕ. The ghost comes from the 1-form
λ which parameterizes the gauge symmetry δB˜ = P2
14
dλ of S0[B˜]. This gauge
symmetry is reducible when λ = dκ for any 0-form κ, giving rise to ghost-for-
ghost ϕ. The antifields for Φ = {B˜, ψ, ϕ} are Φ∗ = {χ˜, ζ, ξ} which lie in the
Hodge-dual irreps of G2. That is χ˜ is a 5-form fermion whose Hodge-dual is
in Λ2
14
, ζ is a 6-form boson and ξ is a 7-form fermion. The ghost numbers of
{ξ, ζ, χ˜, B˜, ψ, ϕ} are {−3,−2,−1, 0, 1, 2} respectively.
The global BRST transformations of the fields and ghosts Φ just follow
from the residual local gauge transformations
QB˜ = P2
14
dψ , Qψ = dϕ , Qϕ = 0 . (3.3)
The master equation QΦ = δS
δΦ∗
then fixes the terms one must add to the
classical action S0 (2.18) to be of the form
∫
Φ∗ ∧ QΦ. Thus the minimal
solution to the master equation (3.2) is
S =
∫
3
2
H˜ ∧ ∗ (2P3
7
− 1) H˜ + χ˜ ∧ dψ + ζ ∧ dϕ . (3.4)
The projector P2
14
in QB˜ has been absorbed by ∗χ˜ ∈ Λ2
14
in the second term
in (3.4). Using (3.4) in the other master equation QΦ∗ = − δS
δΦ
gives the
antifield BRST transformations
Qχ˜ = 3 d ∗ (2P3
7
− 1)dB˜ , Qζ = dχ˜ . (3.5)
One can verify that the above BRST transformations indeed generate a sym-
metry of S and obey Q2 = 0. One can also check that the BRST transfor-
mation Q∗χ˜ is in Λ2
14
as required. Notice that any BRST transformation of
ξ will be a symmetry of S, and will be nilpotent provided it is BRST-trivial
(i.e. Qξ = µ, Qµ = 0).
To fix the gauge symmetry of the field B˜ and ghost ψ via the constraints
d†B˜ = 0 and d†ψ = 0 it is appropriate to add to S some non-minimal terms
via the introduction of the pair of 6-forms {γ, u} and 7-forms {ε, v} (plus
their antifield 1-forms {γ∗, u∗} and 0-forms {ε∗, v∗}) which are BRST-trivial
12
(i.e. Qγ = u, Qu = 0 etc.). The appropriate gauge fermion in this case is
given by
Ψ =
∫
γ ∧ d†B˜ + ε ∧ d†ψ + γ ∧ dθ . (3.6)
The first two terms are as we would expect in order to gauge fix via coclosure
of B˜ and ψ. The reason for the third term involving an additional BRST-
trivial 0-form pair {θ, w} is because it fixes a residual gauge symmetry of the
first term under δγ = d†ρ for any fermionic 7-form ρ. There is no possible
residual symmetry from the second term since δε cannot be coexact in seven
dimensions. The corresponding BRST-invariant non-minimal addition to the
action S is ∫
γ∗ ∧ u+ ε∗ ∧ v + θ∗ ∧ w . (3.7)
Thus {u, v, w} are understood as auxiliary fields (with ghost numbers
{0,−1, 1}) that will impose the gauge-fixing constraints after imposing Φ∗ =
δΨ
δΦ
on the antifields.
Including the non-minimal fields we have Φ = {B˜, ψ, ϕ; γ, ε, θ} (with
ghost numbers {0, 1, 2;−1,−2, 0}) and Φ∗ = δΨ
δΦ
fixes the antifields to be
χ˜ = ∗P2
14
∗d†γ , ζ = d†ε , ξ = 0 ;
γ∗ = d†B˜ + dθ , ε∗ = d†ψ , θ∗ = dγ . (3.8)
The antifields of the Lagrange multipliers {u, v, w} all vanish. Integrating
out these auxiliary fields in the non-minimal part of the action sets the three
expressions in the second line of (3.8) equal to zero. This evidently gives
the desired gauge-fixing for ψ. Taking d† of d†B˜ + dθ = 0 implies θ must be
harmonic and thus equal to a constant (we assume θ is non-singular). Hence
we also have d†B˜ = 0.
In the topologically trivial case we are considering, these equations further
imply the global constraints that γ be exact and ψ be coexact. This of course
follows from the Poincare´ lemma which for B˜ ∈ Λ2
14
is a bit more subtle.
Indeed d†B˜ = 0 still implies B˜ = d†Ξ, for some 3-form Ξ, but now there is
the additional constraint P2
7
d†Ξ = 0 so that the right hand side is still in
Λ2
14
. This is non-trivial because exterior derivatives do not commute with
projection operators. As shown in appendix C, this leads to an expression
for B˜ that is second order in derivatives 7 . Let us then summarize the
7An analogous situation occurs in Ka¨hler geometry where the existence of a coclosed
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gauge-fixing constraints (just quoting the result shown in appendix C)
B˜ = d†
(
2P3
7
− 1) dα˜ , ψ = d†β ,
χ˜ = ∗P2
14
dd†ω , ζ = d†ε , ξ = 0 , (3.9)
where α˜ ∈ Λ2
14
, β, ω ∈ Λ2 and ε ∈ Λ7. Plugging these expressions into the
graded symplectic form∫
Φ∗ ∧ Φ =
∫
χ˜ ∧ B˜ + ζ ∧ ψ + ξ ∧ ϕ , (3.10)
for the minimal fields implies it vanishes identically, thus defining a La-
grangian submanifold. From this we see how the strong constraint ξ = 0 is
required by the fact that ϕ is completely unconstrained.
4 Resolvent and partition function
Having gauge-fixed the quadratic part of the Hitchin action in a way that
preserves the BRST structure, we are now almost prepared to evaluate its
partition function. We will express the partition function in terms of de-
terminants of elliptic operators using the theory of resolvents developed by
Schwarz [12]. Again to introduce the necessary terminology it will be helpful
to give a very brief account of the theory of resolvents as described in [12]
wherein we defer for more a detailed exposition.
4.1 Resolvents
A resolvent is a generalization of a complex in algebraic geometry that is
associated with an additional piece of data corresponding to a quadratic
functional on one of the linear vector spaces in the complex. This functional
will be understood as the classical action for a free field theory.
More precisely, given a quadratic functional S0 on a linear space Γ0, then
a sequence of linear spaces Γi (i = 1, ..., n) and nilpotent linear operators
Ti : Γi → Γi−1 obeying Ti−1Ti = 0 is defined to be the resolvent of S0 if
S0[φ+ T1C] = S0[φ] for all φ ∈ Γ0 and C ∈ Γ1. This defines a complex when
real (1,1)-form b11 (obeying ∂
†b11 = 0 and ∂¯
†b11 = 0) implies b11 = ∂
†∂¯†α22, for some
real (2,2)-form α22. This example is used by Pestun and Witten [11] in gauge-fixing the
quadratic Hitchin functional in six dimensions.
14
S0 = 0. The notation reflects that used in section 3.1 to illustrate that Γi are
to be understood as being spanned by all the descendent ghosts for classical
bosonic fields φ in the quantum theory. The resolvent property corresponds
to BRST symmetry.
The existence of an inner product 〈 , 〉 on the linear spaces Γ0 and Γi will
be assumed and adjoint linear operators T †i : Γi → Γi+1 can be constructed
from 〈x, Ti y〉 = 〈T †i x, y〉 for any x ∈ Γi−1, y ∈ Γi. It will also be assumed
that the quadratic functional S0 can be expressed schematically as
S0[φ] = 〈φ,Kφ〉 = 〈Kφ, φ〉 , (4.1)
in terms of the self-adjoint ‘kinetic’ operator K : Γ0 → Γ0 8 . Note that
the resolvent property implies KT1 = 0 and so K itself can be added to the
complex associated to the resolvent as
0 −→ Γn Tn−→ . . . T1−→ Γ0 K−→ Γ0 −→ 0 . (4.2)
The resolvent of S0 is said to be elliptic if the associated complex above is
elliptic (i.e. the symbols of each Ti and K are invertible).
The partition function of S0 with respect to the resolvent {Γi, Ti} is de-
fined
Z = (detK)−1/2
n∏
i=1
|det Ti|(−1)i−1 . (4.3)
The reason that this quantity corresponds to the physical partition function
for theory with classical action S0 is explained in the appendix of the third
reference in [12]. The (detK)−1/2 factor of course just comes from the path
integral of the free bosonic action S0. In terms of the antifield-BRST for-
malism, the remaining ghost and antifield terms in the minimal action S
solving the master equation take the form 〈φ∗, T1C〉+ 〈C∗, T2η〉+ .... That is
schematically
∑n
i=1〈Γ∗i−1, TiΓi〉, where elements of Γi have Grassmann parity
(−1)i and Γ∗i is the same vector space as Γi but with elements of opposite
Grassmann parity. This leads to a factor (det Ti)
(−1)i−1/2 from the antifields
in each Γ∗i−1 and a factor (det T
†
i )
(−1)i−1/2 from the ghosts in each Γi which
are combined to give (4.3).
8A further technical requirement is that the operators K2 and T †i Ti be regular . We
refer to [12] for the technical definition of regularity but the upshot is that this allows one
to define the (regularized) determinant of such operators in a mathematically precise way.
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4.2 G2 resolvent for quadratic Hitchin action
Given the close relationship between complexes and resolvents one might
expect the resolvent for the quadratic Hitchin action we are considering to
be related to the two well-known Dolbeault complexes for G2 manifolds
Dˇ : 0 −→ Λ0
1
d−→ Λ1
7
P2
7
d−→ Λ2
7
P3
1
d−→ Λ3
1
−→ 0
D˜ : 0 −→ Λ2
14
d−→ Λ3
7
⊕ Λ3
27
P
4
7⊕27d−→ Λ4
7
⊕ Λ4
27
P
5
14
d−→ Λ5
14
−→ 0 . (4.4)
As we will now see, the appropriate complex for the G2 Hitchin action forms
a subset of both these complexes.
Following the discussion in the previous subsection for the quadratic
Hitchin action (2.18) we identify Γ0 = Λ
2
14
. For suitable normalization of
B˜, the kinetic operator in S0 is
K = −d†Ld = ∆2
14
− 3
2
P
2
14
dd† , (4.5)
which is self-adjoint and indeed maps Λ2
14
→ Λ2
14
. The later fact follows
from the right hand side of the expression above or by noting the identity
P
2
7
d†LdP2
14
= 0 9 . The structure of ghosts encountered in section 3.2 implies
n = 2 with T1 = P
2
14
d and T2 = d (their adjoints being just T
†
1 = d
† and
T †2 = d
†). Hence the appropriate complex is
Dˆ : 0 −→ Λ0
1
d−→ Λ1
7
P
2
14
d−→ Λ2
14
K−→ Λ2
14
−→ 0 , (4.6)
with the extension by K included. The resolvent properties can be checked
explicitly but of course just follow from the BRST structure. Notice that
the first two elements match those in the Dˇ complex in (4.4) while the third
element corresponds to the first element in the D˜ complex.
Using these identifications, the partition function (4.3) for (2.18) can be
9For any β ∈ Λ2
14
, one can use the identity P3
7
dβ = − 1
4
∗(φ∧d†β) to derive this result. It
is obtained by first noting that Ldβ = (2P3
7
−1)dβ, then substituting 2d†P3
7
dβ = − 1
2
∗ (φ∧
dd†β) = −dd†β + 3
2
P
2
14
dd†β that follows from taking d† of the aforementioned identity.
The second equality here follows from the 2-form projector identities ∗P2
7
= 1
2
φ ∧ P2
7
∗P2
14
= −φ ∧ P2
14
, which can be derived from the expressions in appendix B.
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written
Z =
(
det
(
∆2
14
− 3
2
P
2
14
d1d
†
2P
2
14
))−1/2
|det (P2
14
d1)||det (d0)|−1
= (det∆2
14
)−1/2|det (P2
14
d1)|2(det∆01)−1/2
= (det∆2
14
)−1/2(det∆1
7
)(det∆0
1
)−3/2 . (4.7)
Superscripts (subscripts) denote the form degree (G2 irrep) on which Lapla-
cian operator ∆i = d†i+1di + di−1d
†
i acts. This action is invariant because
∆ commutes with the projection operators on any G2 manifold
10 . The
second equality has been obtained using the identity det (K + T1T
†
1 ) =
(detK)|det T1|2 which follows because KT1T †1 = 0 and T1T †1K = 0. The final
equality is obtained using a similar result det (T †1T1+T2T
†
2 ) = |det T1|2|det T2|2
following from T †1T1T2T
†
2 = 0 and T2T
†
2T
†
1T1 = 0.
We have omitted the infinite-volume normalization factors coming from
the zero modes of the Laplacians above. Formally the multiplicative factor
from these zero modes can be written Vol(H2
14
)Vol(H0
1
)/Vol(H1
7
) in terms of
‘volumes’ of the appropriate cohomology groups.
5 Generalized Hitchin functional
In [11], one-loop computations in a theory based on the six-dimensional
Hitchin functional were compared with one-loop computations in topological
string theory, and the results were found to disagree. However, agreement was
found once the Hitchin functional, which is a functional of a stable 3-form,
was replaced by the generalized Hitchin functional [21], which is a functional
of a generic stable form of odd degree. We will now repeat the analysis of the
previous sections for an analogous generalization of the Hitchin functional in
seven dimensions. The result of [11] suggests it is this theory that should be
compared with the topological G2 string.
10This is not entirely obvious but can be deduced from the fact that G2 manifolds
are Ricci-flat RMN = 0 and their Riemann tensor obeys RMNPQφ
PQA = 0. The latter
property can be deduced from the formula [∇M ,∇N ]ξ = 14RMNABΓABξ for covariant
derivatives ∇M acting on the spinor ξ. That is the gamma matrices ΓAB on the right
hand side must generate the G2 ⊂ SO(7) holonomy group of the manifold and so only
those [AB] indices in the adjoint 14 of G2 should appear on the right hand side of the
commutator. Thus the 7 part of the [AB] indices of RMNAB must vanish identically which
gives the desired property.
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5.1 The generalized Hitchin functional
The appropriate generalization of the Hitchin functional in seven dimensions
was described and studied in [22, 23, 24]. Its critical points correspond to
seven-manifolds M with generalized G2 structure. That is, the structure
group Spin(7, 7) of TM ⊕ T ∗M is reduced to G2 ×G2. This G2 ×G2 is the
stabilizer of a generic form of odd degree in seven dimensions under the action
of the conformal structure group Spin(7, 7)×R∗. Each G2 ⊂ Spin(7) fixes a
unit spinor on M . For a fixed embedding Spin(7)× Spin(7) ⊂ Spin(7, 7)×
R∗, one finds the generalized G2 structure reduces to an ordinary one when
these two spinors are parallel. We defer to [22, 23, 24] for a more detailed
discussion.
The explicit construction of the generalized Hitchin functional proceeds as
follows. One begins by writing a stable odd-form ̺ ∈ Λodd ∼= Λ1⊕Λ3⊕Λ5⊕Λ7
11 as 12
̺ = e−ϕeB ∧
(
sα− cΦ− s∗Φ(α ∧ Φ)− sα ∧ ∗ΦΦ+ c 1
7
Φ ∧ ∗ΦΦ
)
, (5.1)
in terms of a scalar ‘dilaton’ ϕ, a 2-form B (which is related to the B-field) and
a 3-form Φ. The Hodge star ∗Φ is defined in terms of the metric associated
with Φ, as in section 2. Furthermore, s and c are real numbers satisfying
s2 + c2 = 1 and α is a unit 1-form, i.e.
∫
M
α ∧ ∗Φα =
∫
M
1
7
Φ ∧ ∗ΦΦ. Despite
the highly non-linear structure in (5.1), a simple consistency check verifies
that the number of independent components on the left- and right-hand side
match. The odd-form ̺ has
∑3
p=0
(
7
2p+1
)
= 64 components, while on the right-
hand side there are two scalars, one unit 1-form (with six independent degrees
of freedom), plus a generic 2- and 3-form, which also adds up to a total of 64
independent components. Geometrically, the metric constructed from Φ and
the 2-form B describe the embedding Spin(7)×Spin(7) ⊂ Spin(7, 7) while ϕ
parameterizes the conformal factor in Spin(7, 7)×R∗. The parameters s and
c can be understood as the sine and cosine of the angle θ between the two
unit spinors fixed under the action of each G2 ⊂ Spin(7) in the stabilizer.
The next step is to define an even-form ̺̺ = e
B∧∗Φσ(e−B∧̺) ∈ Λeven ∼=
Λ0 ⊕ Λ2 ⊕ Λ4 ⊕ Λ6, associated with ̺. The operator σ in this expression is
11Stability here means that the orbit of ̺ under Spin(7, 7)× R∗ forms an open subset
of Λodd.
12We define eB = 1 + B+ 1
2
B ∧ B+ 1
6
B ∧ B ∧ B in seven dimensions.
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the involution which maps σ(ω) = −ω for p-forms ω with p = 1, 2mod 4 and
σ(ω) = ω otherwise. In terms of (5.1), the even-form above is given by
̺̺ = e
−ϕeB ∧ (c− c ∗ΦΦ+ s∗Φ(α ∧ ∗ΦΦ)− sα ∧ Φ− s ∗Φ α) . (5.2)
The generalized Hitchin functional is then defined as∫
M
̺ ∧ ˆ̺ , (5.3)
where the even-form
ˆ̺ = σ(̺̺) = e
−ϕe−B ∧ ∗Φ̺0 , (5.4)
and we have defined ̺0 = e
ϕe−B ∧ ̺ in the second equality.
It is easy to verify that∫
M
̺ ∧ ˆ̺ =
∫
M
e−2ϕ̺0 ∧ ∗Φ̺0 = 8
7
∫
M
e−2ϕΦ ∧ ∗ΦΦ . (5.5)
Thus the generalized Hitchin functional looks very similar to the ordinary
one 13 . In particular, notice that the generalized functional does not depend
on either α or B in the non-linear parameterization (5.1). This invariance is
similar to that found in the case of generalized Calabi-Yau manifolds [29],
[30], about which more will be said in the next section.
The first variation of (5.3) can be written
2
∫
M
δ̺ ∧ ˆ̺ = 2
∫
M
̺ ∧ δ ˆ̺ . (5.6)
This can be obtained by direct calculation but also follows from
∫
M
̺∧ ˆ̺ being
‘degree two’ in ̺. Recall that a similar property followed for the ordinary G2
Hitchin functional from it being a homogeneous polynomial in Φ of degree
7/3 14 . Thus, for variations δ̺ = dω (for any ω ∈ Λeven) within a fixed
13Indeed it can be recast as the ordinary Hitchin functional Φ˜∧ ∗
Φ˜
Φ˜ = e−2ϕΦ∧ ∗ΦΦ in
terms of the rescaled 3-form Φ˜ = e−6ϕ/7Φ.
14Of course things are a bit more subtle in the generalized case with regard to ho-
mogeneity. One finds a well-defined notion of graded homogeneity exists for terms in ̺
and ˆ̺ if rescaling Φ with weight 1 is accompanied by rescaling α with weight 1/3 (all
other fields have weight zero). This structure actually follows from scaling the constraint∫
M
α ∧ ∗Φα =
∫
M
1
7
Φ ∧ ∗ΦΦ.
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cohomology class [̺] ∈ Hodd(M,R), the critical points of the generalized
Hitchin functional correspond to generalized G2 manifolds defined by d̺ = 0,
d ˆ̺ = 0.
As a quick consistency check of the variation above, notice that the B-field
variation in δ̺ appears in the form
2
∫
M
δB ∧ ̺ ∧ ˆ̺ ,
and one easily verifies that ̺ ∧ ˆ̺ has no 5-form component, so that the B-
variation does not contribute. This agrees with the fact that the generalized
Hitchin functional is independent of B.
5.2 Perturbation
Having found the first variation of the generalized Hitchin functional (5.3), let
us now proceed as in the previous sections and expand
∫
M
̺∧ ˆ̺ to quadratic
order in linear fluctuations of ̺ around a generalized G2 manifoldM0, defined
by a fixed background odd-form ¯̺ that obeys d ¯̺ = 0 and d ˆ̺¯ = 0 (where
ˆ̺¯ = σ( ¯̺ ¯̺)). To simplify matters, we will choose this background to be an
ordinary G2 holonomy manifold, i.e. for which ϕ = B = s = 0 and Φ = φ is
the associative 3-form.
We first expand ̺ = ¯̺+δ̺, and likewise for ˆ̺, to linear order in variations
of the parameters ϕ, B, α, s and Φ. One finds the components
δ̺1 = δ(sα)
δ̺3 = δϕ φ− δΦ− ∗(δ(sα) ∧ φ)
δ̺5 = −δB ∧ φ− δ(sα) ∧ ∗φ
δ̺7 = −1
7
δϕ φ ∧ ∗φ+ 1
3
∗φ ∧ δΦ , (5.7)
for the first order variation of ̺ in (5.1), and
δ ˆ̺0 = −δϕ
δ ˆ̺2 = −δB− ∗(δ(sα) ∧ ∗φ)
δ ˆ̺4 = δϕ ∗φ− δ(∗ΦΦ)− δ(sα) ∧ φ
δ ˆ̺6 = δB ∧ ∗φ+ ∗δ(sα) , (5.8)
for ˆ̺.
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In terms of these variations of ̺ and ˆ̺, the generalized Hitchin functional
can be expanded as∫
M
̺ ∧ ˆ̺ =
∫
M0
¯̺∧ ˆ̺¯ + 2
∫
M0
δ̺ ∧ ˆ̺¯ +
∫
M0
δ̺ ∧ δ ˆ̺ . (5.9)
Since we will be interested in only linear variations δ̺ = dω within a fixed co-
homology class, we have not included the additional quadratic term 1
2
∫
M0
δ2̺∧
ˆ̺¯ = 1
2
∫
M0
¯̺∧ δ2 ˆ̺ which occurs when expanding ̺ and ˆ̺ as polynomials in
linear variations of the parameters ϕ, B, α, s and Φ. It must be stressed
that we are assuming it is the linear variations δ̺ that describe the degrees
of freedom of the quadratic Hitchin action here rather than those of the pa-
rameters ϕ, B, α, s and Φ. It would be interesting to check this assumption
by comparison with the degrees of freedom describing moduli in generalized
G2 compactifications of physical string and M-theory.
Plugging the linear variations of ̺ and ˆ̺ into the quadratic term S0 =∫
M0
δ̺ ∧ δ ˆ̺ gives
S0 =
∫
M0
δΦ ∧ δ(∗ΦΦ)− 8
3
δϕ δΦ ∧ ∗φ+ 8
7
(δϕ)2φ ∧ ∗φ+ 8 δ(sα) ∧ ∗δ(sα)
− 2 δ(sα) ∧ δΦ ∧ φ+ 4 δ(sα) ∧ δB ∧ ∗φ+ δB ∧ δB ∧ φ . (5.10)
Notice that demanding linear variations of ̺ has inevitably led to a depen-
dence on the parameters α and B in the quadratic part of the generalized
Hitchin functional above. This dependence would only be removed by in-
cluding the term
∫
M0
δ2̺ ∧ ˆ̺¯ involving non-linear variations of ̺.
To express S0 in terms of δ̺ components, one must invert (5.7) to write
variations of the parameters in terms of δ̺. This gives
δϕ φ =
7
4
P
3
1
(δ̺3) +
3
4
(∗δ̺7)φ
δΦ =
3
4
P
3
1
(δ̺3)− P3
7
(δ̺3)− P3
27
(δ̺3) +
3
4
(∗δ̺7)φ− ∗(δ̺1 ∧ φ)
δB =
[
1− 3
2
P
2
7
]
∗δ̺5 − 1
2
∗(δ̺1 ∧ ∗φ) . (5.11)
The identities ∗P2
7
= 1
2
φ∧P2
7
and ∗P2
14
= −φ∧P2
14
have been used in deriving
the last expression above.
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Substituting (5.11) into (5.10), and using (2.15), implies the quadratic
part of the generalized Hitchin action can be written as
S0 =
∫
M0
δ̺3 ∧ ∗
[
3
4
P
3
1
+ P3
7
− P3
27
]
δ̺3 − 3
4
δ̺7 ∧ ∗δ̺7 − 1
2
(∗δ̺7)δ̺3 ∧ ∗φ
+δ̺5 ∧ ∗
[
1
2
P
5
7
− P5
14
]
δ̺5 − δ̺1 ∧ ∗δ̺5 ∧ ∗φ− 1
2
δ̺1 ∧ ∗δ̺1
=
∫
M0
δ̺3 ∧ ∗
[
4
3
P
3
1
+ P3
7
− P3
27
]
δ̺3
−3
4
(
δ̺7 +
1
3
δ̺3 ∧ ∗φ
)
∧ ∗
(
δ̺7 +
1
3
δ̺3 ∧ ∗φ
)
+δ̺5 ∧ ∗
[
1
2
P
5
7
− P5
14
]
δ̺5 − δ̺1 ∧ ∗δ̺5 ∧ ∗φ− 1
2
δ̺1 ∧ ∗δ̺1 . (5.12)
5.3 Quantization
Let us now take first order variations δ̺ = dω (for any ω ∈ Λeven) within a
fixed cohomology class [ ¯̺] ∈ Hodd(M,R) of the background. The quadratic
part S0 of the generalized Hitchin action we have just obtained corresponds
to the classical action to be quantized. If ω is globally well-defined then the
linear term
∫
M0
δ̺∧ ˆ̺¯ in the expansion vanishes since the integrand is a total
derivative. The zeroth order term
∫
M0
¯̺∧ ˆ̺¯ = 8
7
∫
M0
φ∧∗φ is just proportional
to the volume of the background G2 manifold.
Before embarking on this, we must take care that all the symmetries of
the generalized Hitchin action are being accounted for. Recall that for the or-
dinary quadratic G2 Hitchin action, background-preserving diffeomorphisms
on Φ gave rise to the symmetry under B → B+ ιvφ, for any vector field v on
M , in addition to the obvious gauge symmetry under B → B+dλ. However,
it turned out that the part of B in Λ2
7
, only contributed a total derivative
to the action and was ignored. Thus, since the diffeomorphism symmetry
only acts on this component of B, it was irrelevant in the quantization of the
diffeomorphism-invariant B˜ ∈ Λ2
14
part.
A similar story applies to the generalized G2 Hitchin functional, but is
somewhat more complicated. In this case one has background-preserving
diffeomorphisms plus shifts by exact B-fields on TM ⊕T ∗M for ̺ which give
rise to the symmetry under ω → ω + ιv ¯̺ + ξ ∧ ¯̺, for any vector field v and
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1-form ξ on M , in addition to the gauge symmetry ω → ω + dλ, for any
λ ∈ Λodd. The symmetry ω → ω+ ιv ¯̺ again corresponds to diffeomorphisms
of M while ω → ω + ξ ∧ ¯̺ can be understood as shifting B → B + dξ by
an exact 2-form. These two symmetries also correspond to the subset of
Spin(7, 7) transformations that are automorphisms of the Courant bracket.
Let us first address the latter symmetry. Since ¯̺ = −φ+ 1
7
φ ∧ ∗φ for the
background we have chosen, the only non-vanishing contribution to ξ ∧ ¯̺ is
from the 4-form part −ξ ∧ φ. This corresponds to a transformation of the
component ω4, where δ̺5 = dω4. In particular it acts only on the component
of ω4 in the irreducible subspace Λ4
7
. However, one can check that the two
terms involving δ̺5 = dω4 in S0 only contain the component ω
4 ∈ Λ4
27⊕1,
with the 7 part dropping out as a total derivative, and so this symmetry is
redundant.
The only contributions to ιv ¯̺ under diffeomorphisms come from its 2-form
and 6-form parts. These correspond to the transformations ω2 → ω2 − ιvφ
and ω6 → ω6+ ∗v♭ of the components of ω, which certainly do appear in the
action S0 (v
♭ denotes the 1-form dual to vector v in the ω6 transformation).
Notice again that only the part of ω2 in Λ2
7
transforms under diffeomorphisms.
However, this part of ω2 does not just give a total derivative contribution
to S0. (Note the factor of 3/4 in the projector in square brackets in the
first equality in (5.12), relative to the factor 4/3 in (2.15) that led to a total
derivative contribution for the Λ2
7
part.) The trick here, highlighted by the
second equality in (5.12), is to observe that although ω6 and the 7 part of
ω2 individually transform under the diffeomorphism generated by v, one can
find a particular linear combination of them
C := ω6 +
1
3
ω2 ∧ ∗φ ,
that is diffeomorphism-invariant. Therefore, up to total derivatives that we
ignore, the action (5.12) can be written purely in terms of the diffeomorphism-
invariant fields B˜ := P2
14
ω2, C, D := ω0 and E˜ := P4
27⊕1ω
4, and so we find
this symmetry can also be ignored in our quantization.
Thus we are left with only the gauge symmetry under δB˜ = P2
14
dλ,
δC = dµ and δE˜ = P4
27⊕1dν in S0, for any λ ∈ Λ1, µ ∈ Λ5 and ν ∈ Λ327⊕7.
The required prefactor P4
27⊕1 in the gauge transformation for E˜ projects out
any singlet component of ν identically.
Before going on to consider the partition function for S0, it will be conve-
nient to illustrate how a field redefinition involving a shift by D of the singlet
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part of E˜ can be used to remove the term
∫
M0
δ̺1∧∗δ̺5∧∗φ from the action.
This works by first noting the identity
1
2
|P5
7
δ̺5−δ̺1∧∗φ|2−2 |δ̺1|2 = 1
2
|P5
7
δ̺5|2−δ̺1∧∗δ̺5∧∗φ−1
2
|δ̺1|2 , (5.13)
which follows using |ξ ∧ ∗φ|2 = 3 |ξ|2 for any 1-form ξ. In addition, one can
check that P5
14
δ̺5 = P5
14
dE˜ projects out the singlet part of E˜. Thus by
redefining the singlet part P4
1
E˜ → P4
1
E˜ − D ∗φ one can rewrite the action
(5.12) more conveniently as
S0 =
∫
M0
dB˜ ∧ ∗ (2P3
7
− 1) dB˜ − 3
4
dC ∧ ∗dC
− 2 dD ∧ ∗dD + dE˜ ∧ ∗
(
3
2
P
5
7
− 1
)
dE˜ , (5.14)
where E˜ is now the redefined field. This redefinition has therefore diago-
nalized the classical action. Notice that the quadratic generalized Hitchin
action (5.14) contains the ordinary quadratic Hitchin action we quantized in
sections 3 and 4. In addition there are the decoupled actions for a free 6-form
C and scalar D, plus the somewhat more complicated action for the 4-form
E˜ ∈ Λ4
27⊕1. The BV quantizations of C and E˜ are detailed in appendices D
and E respectively.
5.4 Partition function
To obtain the 1-loop partition function for the generalized Hitchin action,
we can just multiply the 1-loop partition function found previously for the
ordinary G2 Hitchin action with those for the decoupled fields C, D and E˜.
The action for the scalar D is non-degenerate and so its partition func-
tion is simply Z0 = (det∆
0
1
)−1/2. The partition function for the 6-form C
was calculated in appendix D and found to equal the reciprocal of the Ray-
Singer torsion of the background G2 manifold, Z6 = I
−1
RS. The calculation in
appendix E also yielded Z27⊕14 = I
−1
RS for E˜. Using the expression Z = Z
14
2
in (4.7) for the partition function of the ordinary quadratic Hitchin action,
the 1-loop partition function Zgen for the generalized Hitchin action can be
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written
Zgen = Z0Z6Z
27⊕1
4 Z
14
2
=
[
(det∆0
1
)−1/2
]× [(det∆3)1/2(det∆2)−3/2(det∆1)5/2(det∆0)−7/2]
× [(det∆4
27⊕1)
−1/2(det∆3
27⊕7)(det∆
2)−3/2(det∆1)2(det∆0)−5/2
]
× [(det∆2
14
)−1/2(det∆1
7
)(det∆0
1
)−3/2
]
= (det∆1)
−8(det∆7)
4(det∆14)
−7/2(det∆27) . (5.15)
The second equality follows using Hodge duality det∆p = det∆7−p to sim-
plify Z6. The final equality uses orthogonality of Laplacians acting on G2 ir-
reps to write det∆3 = (det∆3
1
)(det∆3
7
)(det∆3
27
), det∆2 = (det∆2
7
)(det∆2
14
)
and also the various G2 isomorphisms to relate det∆1 = det∆
0
1
= det∆3
1
,
det∆7 = det∆
1
7
= det∆2
7
= det∆3
7
(det∆14 = det∆
2
14
and det∆27 =
det∆3
27
).
6 Topological G2 string at one loop
The genus-one free energy for a closed string theory is given by
F1 =
∫
dτdτ¯
τ2
Tr
(
(−1)FFLFRe2πτiHL−2πτ¯iHR
)
. (6.1)
If we treat this as an integral over the upper half plane, rather than the
fundamental domain of the torus complex structure τ = τ1 + iτ2, then it
simplifies to
F1 = δ(HL −HR)
∫
dτ2
τ2
Tr
(
(−1)FFLFRe2πiτ2(HL+HR)
)
= δ(HL −HR) log
[ ∏
FL,FR
det(2π(HL +HR))
(−1)F FLFR
]
. (6.2)
Here FL and FR are the right- and left-handed fermion number operators and
F = FL + FR. To evaluate this expression we need to know how the total
HamiltonianHL+HR acts on a general state AM1...MiN1...Nj(X)ψ
M1
L ...ψ
Mi
L ψ
N1
R ...ψ
Nj
R
in the Hilbert space of closed G2 string states. Recall from [5] that the left-
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and right-moving sectors of the worldsheet each span a copy of the Dˇ com-
plex in (4.4) in the G2 string Hilbert space, with the left- and right-moving
BRST operators QL and QR identified with Dˇ acting on each of these two
copies.
The Hamiltonians in the left- and right-moving sectors areHL = {Q†L, QL}
and HR = {Q†R, QR}. The G2-irreducible p-form spaces Λpn in the same G2
irrep n are isomorphic for different values of p, and the action of the opera-
tors HL and HR on Λ
p
n
depends only on the dimension of the G2 irrep. Thus
we need only determine how these operators act on the tensor products of
the 1 and 7 (i.e. states with 0 or 1 fermion in the left and right sectors),
since the action of HL+HR on the other states will follow from this. This is
done in appendix F where the Hamiltonian is found to act as the Laplacian
operator ∆7⊗7 = ∆
2
14
+∆2
7
+∆3
27
+∆3
1
on states in 7⊗7, ∆7 = ∆17 on states
in 7⊗ 1 ∼= 1⊗ 7 and ∆1 = ∆01 on states in 1⊗ 1.
Having obtained the action of HL + HR on the G2 string spectrum, we
are now prepared to evaluate the one-loop result
log
[ ∏
FL,FR
det(2π(HL +HR))
(−1)F FLFR
]
. (6.3)
Recall that the fermion numbers FL and FR run from 0 to 3, each labeling
elements of the respective left/right copy of the Dˇ complex Λ0
1
→ Λ1
7
→
Λ2
7
→ Λ3
1
. The relevant G2 irreps are thus 1, 7, 7, and 1 for 0, 1, 2, and
3 respectively. To compute all the contributions in the product above we
determine (HL+HR)
(−1)F FLFR for all values of FL and FR in the table below
FL / FR 0 1 2 3
0 (∆1)
0 (∆7)
0 (∆7)
0 (∆1)
0
1 (∆7)
0 (∆7⊗7)
1 (∆7⊗7)
−2 (∆7)
3
2 (∆7)
0 (∆7⊗7)
−2 (∆7⊗7)
4 (∆7)
−6
3 (∆1)
0 (∆7)
3 (∆7)
−6 (∆1)
9
Combining all these contributions gives (det ∆7⊗7)(det ∆7)
−6(det ∆1)
9
which can be further simplified by decomposing the first determinant in terms
of Laplacians acting onG2 irreps. That is det ∆7⊗7 = (det ∆14)(det ∆7)(det ∆27)(det ∆1)
because composition of any two different irreducible Laplacians in ∆2
14
+∆2
7
+
∆3
27
+∆3
1
vanishes as a result of orthogonality of the G2 projectors. Thus we
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have
(det ∆7⊗7)(det ∆7)
−6(det ∆1)
9 =
(det ∆1)
10(det ∆7)
−5(det ∆14)(det ∆27) . (6.4)
It will be convenient to normalize such that the 1-loop partition function for
the G2 string is Zstring = exp
(−1
2
F1
)
, so that
Zstring = (det∆1)
−5(det∆7)
5/2(det∆14)
−1/2(det∆27)
−1/2 . (6.5)
Thus we conclude that Zstring 6= Zgen but their relation will be explained
in more detail in section 8.
7 Dimensional reduction
Let us now consider a special G2 background of the formM0 = CY3×S1 and
compactify the classical quadratic Hitchin functional (2.18) on the circle.
The purpose of this reduction will be comparison with previous work on
quantizing Hitchin functionals in 6 dimensions.
The background and perturbation reduce to
φ = k ∧ dt+ ρ
∗φ = ρˆ ∧ dt+ 1
2
k ∧ k
B˜ = A ∧ dt+ b , (7.1)
where k is the Ka¨hler form, ρ and ρˆ are the real and imaginary parts of
the holomorphic (3, 0)-form on CY3 and t is the S
1 coordinate. Recall that
B˜ ∈ Λ2
14
and the constraint φMNP B˜NP = 0 implies the 1-form A and 2-form
b in six dimensions are not linearly independent. In particular, the reduction
of this constraint implies
ρmnp b
np + 2 kmnA
n = 0 , kmnb
mn = 0 .
Since Λ2 = Λ20 ⊕ Λ11 ⊕ Λ02 = Λ2
3
⊕ Λ2
8
⊕ Λ2
1
⊕ Λ2
3¯
in terms of SU(3) repre-
sentations, the equations above tell us that b has no 1 singlet part and its
3⊕ 3¯ ∼= 6 vector part is proportional to A. It will prove more convenient to
remove this dependence by describing the reduction in terms of the redefined
field
b˜mn = bmn +
1
2
ρˆmnpA
p , (7.2)
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which obeys ρmnpb˜
np = 0, kmnb˜
mn = 0 and so b˜ ∈ Λ2
8
.
The quadratic terms in the G2 Hitchin action reduce to
|φMNP H˜MNP |2 = 9 |kmnFmn|2 + 6 kabF abρmnphmnp + |ρmnphmnp|2
|∗φMNPQH˜NPQ|2 = 18 |Fmn|2 − 18FmnFpqkmpknq − 18 ρmabFabkcdhmcd
+|ρˆmnphmnp|2 + 9 hmabhmcdkabkcd
|H˜MNP |2 = 3 |Fmn|2 + |hmnp|2 , (7.3)
where F = dA and h = db. Some algebraic identities for products of the
background Calabi-Yau data k and ρ have been used, which follow by substi-
tuting (7.1) into the G2 identities in appendix A. The first term vanishes due
to φMNP B˜NP = 0. The second and third terms can be expressed in terms of
h˜ = db˜ and F = dA and simplified.
The final result is that
|H˜MNP |2 − 1
12
|∗φMNPQH˜NPQ|2 = |h˜mnp|2 −
3
4
|h˜mnpknp|2
−3
(
h˜mnpρˆ
mnq F pq −
1
4
h˜mabk
abρmcdFcd
)
+
9
2
(
|Fmn|2 − 1
8
|ρmnpF np|2
)
, (7.4)
up to total derivatives which we ignore. The integral of the left hand side
being proportional to the quadratic Hitchin action (2.18) in 7 dimensions.
It is worth noting that this reduced action has quite a subtle gauge sym-
metry arising from reduction of the symmetry under δB˜ = P2
14
dλ in 7 di-
mensions. It is invariant under the transformations
δb˜ = P2
8
dλ , δAm = −1
3
ρˆmnp∂
nλp +
2
3
∂mα , (7.5)
where λ and α are a 1-form and a scalar in 6 dimensions. The α trans-
formation leaving F = dA invariant is the usual gauge symmetry but no-
tice that A also transforms under the canonical gauge transformation for
the 2-form b˜. It will be convenient to introduce the dual variable βmn =
−3 ρmnpAp ∈ Λ26 to the gauge field Am, which has the gauge transformation
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δβmn = ρmnpρˆ
pab∂aλb−2 ρmnp∂pα. In terms of this dual field, the Lagrangian
(7.4) becomes
|h˜mnp|2 − 3
4
|h˜mnpknp|2 − 3
2
h˜mnpk
np∂qβ
mq +
3
4
|∂nβmn|2
+
1
16
|ρˆmnp∂mβnp|2 , (7.6)
up to total derivatives 15 . Notice that ∂nβmn is invariant under the α part of
the gauge transformation while ρˆmnp∂
mβnp is invariant under the full gauge
transformation of β. ∂nβmn transforms non-trivially under the λ part of
the gauge transformation but the integral of the first line in (7.6) is fully
gauge-invariant.
We are now prepared to compare these results with the analysis of Pestun
and Witten [11].
7.1 Comparison with Pestun-Witten
The field b we obtain from dimensional reduction of the G2 Hitchin functional
may look reminiscent of the 2-form appearing in the quantization of the
quadratic Hitchin action for a stable 3-form in 6 dimensions [11]. Indeed
one might expect the results of Pestun and Witten to follow as some kind
of consistent truncation of the reduction of the G2 theory. After all, the
variations ρ→ ρ+db ′ considered in [11] form a subset of the ones φ→ φ+dB
we have used in 7 dimensions (within which k is invariant). We will now show
that this is indeed the case, though the relationship between the quadratic
actions is not quite so straightforward.
Under variations ρ→ ρ+db ′, the quadratic part of the Hitchin functional∫
ρ ∧ ρˆ for a stable 3-form in 6 dimensions is proportional to∫
d6 x
[
|h′mnp|2 −
3
2
|h′mnpknp|2 −
1
12
|h′mnp ρmnp|2 −
1
12
|h′mnp ρˆmnp|2
]
, (7.7)
where h′ = db ′. This is just a rewriting of the classical action in equation
15The identities k pm b˜pn = k
p
n b˜pm and k
p
m βpn = −k pn βpm, which hold for any b˜ ∈
Λ2
8
and β ∈ Λ2
6
, have been used. In addition, it is helpful in deriving (7.6) to use the
identity 2 |Fmn|2 = |ρmnpFnp|2+ |kmnFmn|2 (up to total derivatives) and that ρmnpFnp =
− 2
3
∂nβmn and k
mnFmn =
1
6
ρˆmnp∂
mβnp.
29
(2.11) of [11] in real coordinates, and equals 6
∫
h′ ∧ Jh′, where
J qrsmnp = −
1
6
ǫ qrsmnp +
3
2
k[mnk
[q
p] k
rs] − 1
12
ρˆmnpρ
qrs +
1
12
ρmnpρˆ
qrs ,
defines the action of the complex structure of the background on 3-forms
(and indeed obeys J2 = −1 and JΩ = iΩ, Ω = ρ+ iρˆ).
Let us now decompose b′mn = bˆmn+
1
4
ρmnpa
p, where am = ρmnpb
′np and bˆ ∈
Λ2
8
⊕Λ2
1
(a and bˆ correspond to b20+b02 and b11 in [11] in complex coordinates).
Just as in equation (2.11) of [11], one finds that all terms involving a drop out
of (7.7) as total derivatives, making background-preserving diffeomorphisms a
redundant symmetry of this action. The resulting Lagrangian is proportional
to
|hˆmnp|2 − 3
2
|hˆmnpknp|2 , (7.8)
where hˆ = dbˆ, and its integral is invariant under the gauge transformation
δbˆ = P2
8⊕1dλ, for any 1-form λ. (This fact is more obvious in complex
coordinates where the Lagrangian above is ∂b11∧∂¯b11 and δb11 = ∂λ01+∂¯λ10.)
We can further decompose the 2-form bˆmn = b˜mn+
1
6
kmnϕ into irreducible
representations of SU(3), where ϕ = kmnbˆmn is its singlet part and b˜ ∈ Λ28 is
its primitive component in the adjoint of SU(3), that we would like to relate
to the 2-form gauge field appearing in (7.4). Under this decomposition, (7.8)
reduces to
|hˆmnp|2 − 3
2
|hˆmnpknp|2 = |h˜mnp|2 − 3
2
|h˜mnpknp|2
−h˜mnpknp∂mϕ− 1
3
|∂mϕ|2 , (7.9)
and is invariant under the gauge transformations δb˜ = P2
8
dλ, δϕ = 2 kmn∂mλn.
Notice that naively setting ϕ = 0 would not identify this action with
the first line of (7.4). This could have been anticipated though since neither
ϕ = 0 nor Fmn = 0 are gauge-invariant equations. A better strategy is to
integrate out ϕ. The gauge-invariant equation of motion for ϕ is
2
3
ϕ = −∂m(h˜mnpknp) . (7.10)
This implies the equation
2
3
∂mϕ = −h˜mnpknp + ∂nβmn , (7.11)
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where the coexact term involves some locally-defined 2-form β. The equation
above is only gauge-invariant provided δβmn = ρmnpρˆ
pab∂aλb + ρmnp∂
pγ +
ρˆmnp∂
pε, for any scalars γ and ε. Thus we can identify β ∈ Λ2
6
in the coexact
term above with the dual variable to A introduced in the previous subsection
(provided we set γ = −2α and ε = 0).
Substituting the equation above into (7.9) implies the Pestun-Witten La-
grangian becomes
|h˜mnp|2 − 3
4
|h˜mnpknp|2 − 3
2
h˜mnpk
np∂qβ
mq +
3
4
|∂nβmn|2 , (7.12)
which agrees with the first line of (7.6). The absence of the second line of
(7.6) in the Lagrangian above is due to the extra scalar gauge symmetry
under δβmn = ρˆmnp∂
pε in the Pestun-Witten theory, which does not arise
from reduction of the G2 theory in seven dimensions. However, the second
line of (7.6) has a nice interpretation from gauge-fixing the extra ε symmetry
in the Lagrangian above. That is, under δβmn = ρˆmnp∂
pε, the dual 1-form
gauge field kmnA
n has the canonical gauge transformation ∂mε. Thus the
Lorentz gauge-fixing term for this symmetry is proportional to |∂m(kmnAn)|2
which is exactly the square of kmnFmn =
1
6
ρˆmnp∂
mβnp appearing in the second
line of (7.6).
Thus we have found agreement between the local degrees of freedom aris-
ing from the reduction of the G2 theory and the Pestun-Witten theory de-
scribing variations of a stable 3-form in six dimensions. This may seem
somewhat surprising since we were allowing variations of both k and ρ in the
reduced theory. Indeed the premise of topological M-theory [3] is that classi-
cally the G2 Hitchin functional should encapsulate both Ka¨hler and complex
structure deformations of the A- and B-models in six dimensions. Thus, in
addition to the Pestun-Witten theory, we might have expected the quadratic
action for a stable 2-form, that is related to the quantum foam description
of the A-model [1, 2], from the reduction. However, such a quadratic action
would be proportional to
∫
k ∧ F ∧ F and so the Lagrangian corresponds to
a locally-defined total derivative. For general Calabi-Yau backgrounds this
term corresponds to the non-trivial integral second Chern class of the U(1)
gauge bundle with curvature F . However, in the topologically trivial case
we have considered, such terms have been dropped. It would be interesting
to understand the global topological structure of the reduced theory in more
detail, but this would require a more refined analysis than we are attempting
here.
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7.2 Dimensional reduction of generalized G2 theory
Having related the dimensional reduction of the quadratic G2 Hitchin func-
tional to the corresponding quantity in six dimensions calculated in [11], we
will now examine the reduction of the generalized G2 theory and its relation
to the extended Hitchin functional used in [11]. To do this it will be helpful
to begin with a brief review of generalized Calabi-Yau manifolds (see [29],
[30] for more details).
7.2.1 Generalized Calabi-Yau manifolds
The critical points of the generalized Hitchin functional in six dimensions
correspond to six-manifolds N with generalized SU(3) structure, so called
generalized Calabi-Yau manifolds [29]. The structure group Spin(6, 6) of
TN ⊕ T ∗N here is reduced to an SU(3) × SU(3) subgroup in the following
way. Under the action of the conformal structure group Spin(6, 6) × R∗ in
six dimensions, the stabilizer of a generic form of either odd or even degree
is SU(3, 3). When acting on complex-valued odd/even-forms, the conformal
structure group is complexified to Spin(12,C)×C and its orbits correspond to
the subspaces Λ30⊕Λ21⊕Λ10⊕Λ32 ⊂ Λodd⊗C and exp(Λ0⊗C⊕Λ2⊗C) ⊂
Λeven ⊗ C on N , each of which are fixed by an SU(3, 3) subgroup. Both
these SU(3, 3)-invariant orbits are 32-dimensional and, as vector spaces, are
isomorphic to the real form subspaces Λodd/even ⊂ Λodd/even ⊗ C. Given two
generic stable forms of odd and even degrees, a different SU(3, 3) stabilizes
each of them and it is only a common SU(3)× SU(3) subgroup that can fix
them both simultaneously. An odd- and even-form which are simultaneously
stabilized by SU(3) × SU(3) in this way are said to be compatible. The
existence of a stable odd- and even-form which are compatible defines a
generalized Calabi-Yau structure 16 . As noted in equation (2.102) of [30], any
two stable forms χ− ∈ Λodd and χ+ ∈ Λeven are guaranteed to be compatible
16This is similar to the situation for ordinary Calabi-Yau structures in six dimensions,
where the stable 2-form k (fixed by Sp(3,R) ⊂ GL(6,R)) and 3-form ρ (fixed by SL(3,C) ⊂
GL(6,R)) can only be simultaneously fixed by a common SU(3) subgroup. These two
forms are compatible if k ∧ ρ = 0.
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provided they solve
〈(v + ξ) · χ−, χ+〉 = ιvχ1− ∧ χ6+ − (ιvχ3− + ξ ∧ χ1−) ∧ χ4+
+(ιvχ
5
− + ξ ∧ χ3−) ∧ χ2+ − ξ ∧ χ5− ∧ χ0+
= 0 , (7.13)
for any vector v and 1-form ξ on N . Since v + ξ transforms as a vector
under Spin(6, 6), this condition is clearly necessary due to the absence any
singlets in the vector decomposition under SU(3) × SU(3) ⊂ Spin(6, 6).
The operator (v + ξ)· = ιv + ξ∧ gives the action of the Clifford algebra on
odd/even-forms (understood as Majorana-Weyl spinors of Spin(6, 6)). The
bilinear map Λodd/even × Λodd/even → Λ6
〈ωodd, χodd〉 = −ω1 ∧ χ5 + ω3 ∧ χ3 − ω5 ∧ χ1
〈ωeven, χeven〉 = ω0 ∧ χ6 − ω2 ∧ χ4 + ω4 ∧ χ2 − ω6 ∧ χ0 ,
called the Mukai pairing , represents the inner product of the isomorphic
Spin(6, 6) chiral spinors.
A special case where the generalized Calabi-Yau structure reduces to an
ordinary one is when the stable odd-form has no 1-form and 5-form compo-
nents but the even-form is generic. The odd-form is then a 3-form ρ, stabi-
lized by SL(3,C). If we call the complex 2-form b+ ik in the even-form orbit
then the 12 generalized compatibility equations reduce to ρ ∧ k = ρ ∧ b = 0
and solutions define an ordinary SU(3) structure (corresponding to the com-
mon subgroup of odd/even-form stabilizers SL(3,C) and SU(3, 3)).
7.2.2 Reduction of generalized G2 theory
The parameterization given in [22, 23, 24] for the stable odd-form ̺ (5.1)
we used in seven dimensions is convenient for the reduction since, in an
orthonormal frame, the 1-form α defines the direction orthogonal to which
the generalized Calabi-Yau structure is contained. Thus we will decompose
the data with respect to the direction defined by α as
Φ = ρ˜+ k ∧ α
∗ΦΦ = ˆ˜ρ ∧ α + kˆ
B = b+ a ∧ α . (7.14)
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It will be convenient to write eiθ = c + is and Ω˜ = ρ˜ + i ˆ˜ρ to define the new
3-forms ρ = Re(e−iθΩ˜), ρˆ = Im(e−iθΩ˜). It will also be convenient to take
kˆ = 1
2
k ∧ k, anticipating the Calabi-Yau substructure that will occur in the
reduction. In terms of the new data, (5.1) can be written as
̺ = −e−ϕρ ∧ eb+a∧α + Re( ie−ϕ−iθeb+ik) ∧ α . (7.15)
Notice that the second term looks like it will give a stable even-form spanning
exp(Λ0⊗C⊕Λ2⊗C) ⊂ Λeven⊗C in six dimensions. The non-α terms however
seem to be missing a 1-form component needed in order to reduce to a generic
stable odd-form.
If we now reduce by restricting attention to special generalized G2 man-
ifolds of the form N × S1, with generalized Calabi-Yau structure on N and
coordinate t ∈ S1, then one can identify α = dt+ ζ , where ζ is an arbitrary
harmonic 1-form on N (this preserves the constraints that α be closed and
have unit norm with respect to the metric reconstructed from Φ). It is ζ that
will account for the missing 1-form above. It is perhaps worth noting that if
one dropped the harmonic constraint on ζ , and only assumed it was closed,
then one could always reobtain a harmonic representative in the cohomology
class [ζ ] via a suitable shift ζ → ζ + dγ resulting from the 7-dimensional
diffeomorphism generated by the 7-vector X whose only non-vanishing com-
ponent is X t = γ (i.e. a scalar on N). Similarly, one can use the freedom
to shift B → B + dε in seven dimensions to remove the term a ∧ dt in the
reduced 2-form B by choosing ε = t a. We will not do this however since we
do not yet want to fix any of the symmetries of the reduced theory.
The explicit expressions for the reduction of the stable forms in the gen-
eralized G2 theory are
̺ = e−ϕ
[
sζ + {−ρ+ (sb− ck) ∧ ζ}
+
{
−ρ ∧ b+
(s
2
(b2 − k2)− cb ∧ k − ρ ∧ a
)
∧ ζ
}]
+e−ϕdt ∧
[
s + {sb− ck}+
{s
2
(b2 − k2)− cb ∧ k − ρ ∧ a
}
+
{s
6
(b3 − 3k2 ∧ b) + c
6
(k3 − 3b2 ∧ k)− ρ ∧ b ∧ a
}]
(7.16)
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ˆ̺ = e−ϕdt ∧
[
ca+ {ρˆ− (sk + cb) ∧ a}+
{
−ρˆ ∧ b−
( c
2
(k2 − b2)− sb ∧ k
)
∧ a
}]
+e−ϕ
[
c+ {−sk − cb− ca ∧ ζ}
+
{ c
2
(b2 − k2) + sb ∧ k − ρˆ ∧ ζ + (sk + cb) ∧ a ∧ ζ
}
+
{s
6
(k3 − 3b2 ∧ k)− c
6
(b3 − 3k2 ∧ b) +
(c
2
(k2 − b2)− sb ∧ k
)
∧ a ∧ ζ
+ρˆ ∧ b ∧ ζ
}]
. (7.17)
This allows us to identify ̺ = χ− + χ+ ∧ dt and ˆ̺ = χˆ− ∧ dt+ χˆ+, in terms
of odd-forms χ−, χˆ− and even-forms χ+, χˆ+ on N . In fact, it will be more
convenient to define ̺ = ea∧ζ ∧ χ− + χ+ ∧ dt and ˆ̺ = χˆ− ∧ dt + e−a∧ζ ∧ χˆ+.
The identities
∫
N
χ− ∧ a∧ ζ ∧ χˆ− = 0 and
∫
N
χ+ ∧ a∧ ζ ∧ χˆ+ = 0 ensure that
either choice will give rise to the same reduced Hitchin functional
∫
M
̺∧ ˆ̺ =∫
N×S1
(χ− ∧ χˆ− + χ+ ∧ χˆ+) ∧ dt. Thus we have
χ− = e
−ϕeb ∧
[
sζ − (ρ+ c ζ ∧ k)− 1
2
k2 ∧ sζ
]
χ+ = e
−ϕeb ∧
[
s− ck − (ρ ∧ a+ s
2
k2) +
c
6
k3
]
χˆ− = e
−ϕe−b ∧
[
−ca− (ρˆ− sa ∧ k) + 1
2
k2 ∧ ca
]
χˆ+ = e
−ϕe−b ∧
[
c− sk − (ρˆ ∧ ζ + c
2
k2) +
s
6
k3
]
. (7.18)
Notice that the odd-forms are related by an anti-involution χ− → χˆ−, χˆ− →
−χ− that is generated by the parameter transformations (s, c, ρ, k, b, a, ζ)→
(c,−s, ρˆ,−k,−b,−ζ,−a). This is a symmetry of the odd-form functional∫
N×S1
χ−∧ χˆ−∧dt if t is invariant. Similarly the even-forms are related by an
anti-involution χ+ → χˆ+, χˆ+ → −χ+ that is generated by (s, c, ρ, k, b, a, ζ)→
(c,−s, ρˆ,−k,−b, ζ, a). This is a symmetry of the even-form functional∫
N×S1
χ+ ∧ χˆ+ ∧ dt if t → −t. In both cases the transformations of (s, c, ρ)
follow from a shift θ → θ + π/2 of the angle between the two G2-invariant
unit spinors in 7 dimensions (recalling that ρ = cρ˜+ s ˆ˜ρ and ρˆ = −sρ˜+ c ˆ˜ρ in
terms of the original data).
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These two anti-involutions just correspond to the action of the Hamilto-
nian vector field on the symplectic spaces spanned by χ±+iχˆ± that is defined
respectively by the odd- and even-form functionals∫
N
χ− ∧ χˆ− =
∫
N
e−2ϕ [ρ ∧ ρˆ− sρ ∧ k ∧ a− cρˆ ∧ k ∧ ζ ]
∫
N
χ+ ∧ χˆ+ =
∫
N
e−2ϕ
[
2
3
k3 + sρ ∧ k ∧ a+ cρˆ ∧ k ∧ ζ
]
, (7.19)
using the constant symplectic form on the complexified stable odd- and even-
form spaces, as described by Hitchin on p.16 in [29]. Thus the circle action
χ± + iχˆ± → e−iϑ(χ± + iχˆ±) generated by this Hamiltonian vector field has
a nice interpretation via shifts θ → θ + ϑ in the angular separation of the
generalized G2 unit spinors.
As a quick consistency check, we see that the sum of these functionals∫
M
̺ ∧ ˆ̺ =
∫
N×S1
e−2ϕ
(
ρ ∧ ρˆ+ 2
3
k ∧ k ∧ k
)
∧ dt , (7.20)
corresponds to the generalized Calabi-Yau Hitchin functional [30], modulo
the compatibility conditions that we will now discuss.
With the identification (7.18), the generalized Calabi-Yau compatibility
conditions (7.13) for χ± become
c
(
ρ+
1
c
ζ ∧ k
)
∧
(
k +
s
c
a ∧ ζ
)
= 0
[
(ρ+ c ζ ∧ k) ∧ a+ s
2
k2
]
∧ ιvρ = 0 , (7.21)
for any vector field v (the arbitrary 1-form ξ has been factored out of the
first equation). An additional term [cρ ∧ k + sρ ∧ a ∧ ζ + k2 ∧ ζ ] ∧ ιvb in
the second equation vanishes as a result of the first equation, to completely
remove the dependence on b in (7.21). The second equation has also been
simplified using cρ ∧ k ∧ ζ = 0 which follows from the first equation.
It will be useful to conclude this subsection by also noting the related
compatibility conditions for χˆ±
s
(
ρˆ− 1
s
a ∧ k
)
∧
(
k +
c
s
a ∧ ζ
)
= 0
[
(−ρˆ+ s a ∧ k) ∧ ζ + c
2
k2
]
∧ ιvρˆ = 0 . (7.22)
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7.2.3 Comparison with Pestun-Witten
Let us now consider how the quadratic part of the reduced functional above
relates to the one considered in [11]. Recall that the extended functional used
in [11] corresponds to the Hitchin functional for a stable odd-form σ, fixed
by SU(3, 3). Since the reduction of the generalized G2 Hitchin functional
involves both a stable odd-form χ− and even-form χ+, fixed by SU(3) ×
SU(3) ⊂ G2 × G2, we should not expect these theories to agree directly
but will find that the theory of Pestun and Witten arises as a truncation of
the generalized G2 theory, with χ− related to the odd-form σ in [11] after
imposing the generalized Calabi-Yau compatibility equations.
When expanded around a Calabi-Yau background N0, the quadratic part
of the extended functional in [11] becomes∫
N0
δσ ∧ δσˆ =
∫
N0
δσ3 ∧ Jδσ3 + 2δσ5 ∧ Jδσ1 , (7.23)
where δσˆ = Jδσ in terms of the background complex structure J : Λodd →
Λodd. The action of this background complex structure can be written J =
J1+ J3+ J5 where J3 acts on 3-forms via the map given below (7.7), J1 acts
on 1-forms mapping ξm → k nm ξn and J5 = − ∗ J1∗ acting on 5-forms 17 .
Thus one has J2 = −1. The identity σ1 ∧ Jδσ5 = σ5 ∧ Jδσ1 has been used
above.
To relate this to the quadratic part of the odd-form functional for χ−
in (7.19) requires some more work. We begin by implementing the first
compatibility equation in (7.21), (7.22) in (7.19) which gives∫
N
χ− ∧ χˆ− =
∫
N
e−2ϕ
[
ρ ∧ ρˆ− 1
sc
k2 ∧ a ∧ ζ
]
=
∫
N
e−2ϕ
(
ρ+
1
c
ζ ∧ k
)
∧
(
ρˆ− 1
s
a ∧ k
)
∫
N
χ+ ∧ χˆ+ =
∫
N
e−2ϕ
[
2
3
k3 +
1
sc
k2 ∧ a ∧ ζ
]
=
∫
N
e−2ϕk ∧
(
k +
s
c
a ∧ ζ
)
∧
(
k +
c
s
a ∧ ζ
)
,
(7.24)
17The sign here follows from the requirement that J5ω∧J1ξ = ω∧ξ for any 5-form ω and
1-form ξ. In particular, taking ω = ∗ξ then this follows from the fact that ∗J1ξ∧J1ξ = ∗ξ∧ξ
and that ∗2 = −1 on odd-forms in 6 dimensions.
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for generic s, c 6= 0. Notice this has decoupled the terms involving ρ and ρˆ
from a and ζ in the odd-form functional.
Although we have not yet expanded around a fixed Calabi-Yau back-
ground it will be convenient to define the map J1 : Λ
1 → Λ1 as J1(ξ) =
− ∗ (1
2
k2 ∧ ξ) and the map J5 = − ∗ J1∗ : Λ5 → Λ5 which will reduce to
their namesakes defined earlier in the quadratic expansion. The odd-form
functional above can then be written more suggestively as∫
N
χ− ∧ χˆ− =
∫
N
e−2ϕ
[
ρ ∧ ρˆ+ 2
sc
∗a ∧ J1ζ
]
. (7.25)
From this one can read off more suitable expressions for the odd-forms
χ− = e
−ϕeb ∧
[
1
c
ζ + ρ+
1
s
∗a
]
χˆ− = e
−ϕe−b ∧
[
1
c
J1ζ + ρˆ+
1
s
∗J1a
]
, (7.26)
which are presumably related to those given in (7.18) by a suitable symplectic
transformation on the space of stable odd-forms (supplemented with the
generalized Calabi-Yau compatibility constraints), since they both give rise
to the same Hitchin functional 18 . One therefore has δχˆ− = Jδχ− for first
order variations around a Calabi-Yau background with Ka¨hler form k and
complex structure Ω = ρ + iρˆ. One can recover the quadratic functional of
Pestun and Witten by identifying the first order variations δσ1 = δ(c−1ζ),
δσ3 = δ(e−ϕρ) and δσ5 = ∗δ(s−1a).
8 Background dependence
In this section we will investigate the dependence of the 1-loop partition
functions we have calculated on the choice of background metric. This can
be deduced from theorems in [12] but we will derive it from first princi-
ples. This analysis will help us reconcile the results of sections 5 and 6, by
showing how the 1-loop partition functions Zgen and Zstring are related. The
18For example, the expressions for χ5− and χˆ
1
− inside the square brackets in (7.18) and
(7.26) are related by the symplectic transformation χ5− → −∗χˆ1−, χˆ1− → ∗χ5− that preserves∫
N
χ5−∧ χˆ1− (followed by a multiplicative factor 1/sc related to the generalized Calabi-Yau
constraint).
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pertinent quantity to calculate is the first order variation δg(log det∆
p) of
the logarithm determinant of Laplacians acting on p-forms in D dimensions.
For simplicity we will begin by assuming metric variations around a back-
ground with trivial cohomology so that there are no extra contributions from
harmonic forms to concern us.
8.1 General formulae
Consider the variation of the canonical inner product
〈ω, ξ〉p =
∫
M
dDx
√
g
1
p!
gm1n1 ...gmpnp ωm1...mpξn1...np , (8.1)
between two p-forms on a D-dimensional Riemann manifold M , with respect
to the Riemannian metric g. This can be written
δg〈ω, ξ〉p = 〈ω,Bp ξ〉p = 〈Bp ω, ξ〉p , (8.2)
in terms of the algebraic operator
(Bp)
n1...np
m1...mp = p δg
abδ
[n1
b ga[m1δ
n2
m2 ...δ
np]
mp]
− 1
2
δgabδn1[m1 ...δ
np
mp ]
, (8.3)
which is a function of δg and g, mapping Λp → Λp.
One can prove that δg(∗ω) = −BD−p∗ω = ∗Bp ω for any ω ∈ Λp, from
which one derives
δg(d
†ω) = d†Bpω − Bp−1d†ω . (8.4)
Using the formula δ(log detX) = δ(detX)/|detX| = tr(X−1δX), for the
variation of an elliptic operator X , and ∆p = d†p+1dp + dp−1d
†
p, one obtains
the result
δg(log det∆
p) = −2 tr
(
Bp + 2
p−1∑
k=0
Bk
)
= −
(
D
p
)
tr
(
g−1δg
)
. (8.5)
Notice that tr (g−1δg) = 2 δg(log Vol(M)), where Vol(M) is the volume of
the Riemann manifold M . Some partition functions that are δg-invariant
around backgrounds with trivial cohomology develop a gravitational anomaly
for variations around more general backgrounds. Topological symmetry can
sometimes be restored in such cases by multiplying the original partition
function by a compensating power of the volume of the background manifold.
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This has been shown for the B-model in [11] (and previously in unpublished
work by Klemm and Vafa) and for certain Chern-Simons type actions in [12].
A nice consistency check of this result is to verify the lemma of Schwarz
[12] which states that the Ray-Singer torsion is a topological invariant in odd
dimensions. Taking the log of this torsion, for D = 2k + 1, one finds that
indeed
δg
(
−1
2
k∑
p=0
(−1)p(2p+ 1)log det∆k−p
)
= tr
(
k∑
p=0
(−1)k−pBp
)
= 0 .
(8.6)
The last equality simply follows from a combinatorial identity.
8.2 Metric dependence of 1-loop Hitchin functionals
Using the expressions found in the last subsection, one can calculate the
metric variation of the (log of the) 1-loop G2 partition functions Z (4.7),
Zgen (5.15), Zstring (6.5). None of them are δg-invariant. This is to be ex-
pected though since the G2 metric deformations contain both Ka¨hler and
complex structure deformations in the reduced theory. δg-invariance in the
B-model is related to it not depending on Ka¨hler moduli, but it has the well-
known wavefunction behaviour under variations of the complex structure of
the Calabi-Yau.
To understand this in more detail, let us examine the structure of topo-
logical invariants built out of products of powers of det∆p in D = 7. Since
Hodge duality implies det∆p = det∆D−p, the only independent Laplacian
determinants are for p = 0, 1, 2, 3. (Using the various G2 isomorphisms al-
ready mentioned, all the 1-loop partition functions we have calculated can be
written as products of powers of these 4 Laplacian determinants.) Consider
now the most general such product
(det∆3)a(det∆2)b(det∆1)c(det∆0)d ,
specified by any 4 real numbers a, b, c, d. Demanding the log of this expres-
sion to be δg-invariant implies 35a + 21b + 7c + d = 0. The 3 independent
numbers parameterizing the invariant can be recast as powers of 3 more basic
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topological invariants. A convenient choice for these 3 basis invariants is
I0 = (det∆
1)−1/2(det∆0)7/2 = (det∆7)
−1/2(det∆1)
7/2
I1 = (det∆
2)−1/2(det∆1)3/2 = (det∆14)
−1/2(det∆7)
I2 = IRS = (det∆
3)−1/2(det∆2)3/2(det∆1)−5/2(det∆0)7/2
= (det∆27)
−1/2(det∆14)
3/2(det∆7)
−3/2(det∆1)
3 . (8.7)
Any δg-invariant constructed from products of powers of Laplacian determi-
nants in D = 7 can be written as Ia0I
b
1I
c
2, for some choice of a, b, c. Z, Zgen
and Zstring cannot be factorized in this way. However, Z, Zgen and Zstring
can be written
Z = I1I
−1
0 × Tor(Dˇ)× (det∆1)1/2
Zgen = I
−2
2 I1I
−1
0 × Tor(Dˇ)
Zstring = I2I
4
1I
−4
0 × Tor(Dˇ)4 , (8.8)
in terms of the invariants I0, I1, I2, and a non-invariant object Tor(Dˇ) =
(det∆7)
−1/2(det∆1)
3/2 corresponding to the analytic torsion of the G2 Dol-
beaux Dˇ complex in (4.4). Recall that the Dˇ complex describes the spectrum
of the topological G2 string [5] in much the same way that the ∂¯ complex does
for the B-model. Indeed Zstring = Tor(Dˇ⊗Λ1)/Tor(Dˇ)3, where Tor(Dˇ⊗Λ1) =
(det∆7⊗7)
−1/2(det∆7)
3/2 = (det∆27)
−1/2(det∆14)
−1/2(det∆7)(det∆1)
−1/2
is the analytic torsion of the Dˇ complex for Λ1
7
-valued forms. Zstring is there-
fore not δg-invariant due to the identity Tor(Dˇ ⊗ Λ1) = I2I41I−40 × Tor(Dˇ)7.
The expressions above show that Zgen = I
−9/4
RS Z
1/4
string. Therefore, al-
though not identical, the 1-loop partition functions for the generalized G2
Hitchin functional and the topological G2 string seem to be related up to a
power of the Ray-Singer torsion invariant of the background G2 manifold.
Let us now perform a similar analysis in D = 6 on a Calabi-Yau manifold,
to reconcile the results above with those found in [11]. Hodge duality in
D = 6 again implies the only independent Laplacian determinants are for
p = 0, 1, 2, 3. However, since we are considering a Calabi-Yau background,
we can use the Hodge decomposition Λ3 = Λ30 ⊕Λ21 ⊕ Λ12 ⊕Λ03 and vector
space isomorphisms Λ30 = Λ03 = Λ00, Λ21 = Λ12 = Λ11 to relate 3-form
Laplacian determinants to ones for forms of lower degree. Thus the most
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general product is of the form
(det∆2)a(det∆1)b(det∆0)c .
This is δg-invariant if 15a+6b+ c = 0. A convenient choice of 2 basis invari-
ants, whose powers are parameterized by these two independent numbers,
is
I0 = (det∆
1)−1/4(det∆0)3/2 = (det∆10)−1/2(det∆00)3/2
I1 = (det∆
2)−1/2(det∆1)5/4 = (det∆11)−1/2(det∆10)3/2 . (8.9)
These are precisely the holomorphic Ray-Singer torsions I0 = I
RS
0 ∂¯
and I1 =
IRS
1 ∂¯
of the Dolbeault complex (for Λ00- and Λ10-valued (0, q)-forms), used in
[11]. The 1-loop partition function for the stable 3-form Hitchin functional in
D = 6 is I1/I0 while that for the extended Hitchin functional (and B-model)
is I1/I
3
0 . Thus we see that both are topological invariants
19 .
8.3 B-model gravitational anomaly from 7 dimensions?
Notice that the coefficient in (8.5) corresponds to the dimension of the vector
space Λp. For backgrounds with non-trivial cohomology, det∆p is defined by
removing the zero-modes of ∆p, corresponding to harmonic p-forms, from the
determinant. Let us naively assume this results in the redefined coefficient(
D
p
) → (D
p
) − bp in (8.5), where bp = dim(Hp(M,R)) are the Betti numbers.
This will imply that partition functions that are invariant under deformations
of a background metric with trivial cohomology can develop gravitational
anomalies for variations around more general backgrounds. Furthermore,
such anomalies will be proportional to some power of the volume of the
background manifold. This power being some linear sum of Betti numbers.
For the B-model, the particular linear sum of Betti numbers appear-
ing corresponds to the Euler number χ = 2(h11 − h12), in terms of the
Hodge numbers of the Calabi-Yau background. Let us now consider a G2
background of the form CY3 × S1 and ask if there is any combination of
Laplacian determinants in 7 dimensions, whose metric variation correctly re-
duces to this B-model gravitational anomaly? Using the Kunneth formula
19If we drop the assumption of trivial cohomology of the background, then the B-model
partition function gets a gravitational anomaly [11] and it must be multiplied by a com-
pensating volume factor Vol(CY3)
−χ/12 (where χ is the Euler number of the Calabi-Yau
background) to make it invariant.
42
bp(CY3 × S1) = bp(CY3) + bp−1(CY3), we see that b3 = 2(1 + h12) + h11,
b2 = h11 and b1 = b0 = 1 on CY3 × S1. Thus we can write
χ = 2(h11 − h12) = −b3 + 3 b2 + (2− a) b1 + a b0 ,
for any real number a. This coefficient appears from the metric variation of
(det∆3)−1/2(det∆2)3/2(det∆1)1−a/2(det∆0)a/2 = IRS ×
(
det∆1
det∆0
)(7−a)/2
,
(possibly to some overall power). Of course, we also want this to be δg-
invariant around backgrounds with trivial cohomology and so must choose
a = 7. Hence the gravitational anomaly of the B-model on CY3 has a simple
interpretation from metric variations of the Ray-Singer torsion on CY3×S1.
9 Conclusions and open questions
In this paper we have attempted to understand more about the quantum
structure of topological M-theory [3] from perturbative quantization of the
(generalized) G2 Hitchin functional.
We computed the 1-loop partition function of the ordinary G2 Hitchin
functional and agreement was found between the local degrees of freedom
for the reduction of this theory on a circle and the corresponding theory of
Pestun and Witten [11], obtained from the Hitchin functional for a stable
3-form in 6 dimensions.
The calculation was repeated for the generalized G2 Hitchin functional
and a certain truncation of the circle reduction of this theory was related to
the extended Hitchin functional in 6 dimensions, whose 1-loop partition func-
tion was equated with the topological B-model in [11]. The 1-loop partition
function for the topological G2 string [5] was also computed here and found
to agree with the generalized G2 theory only up to a power of the Ray-Singer
torsion of the background G2 manifold.
There are however a number of subtleties involved in this calculation.
First it is not obvious to us that the linear variations δ̺ of the stable odd-
form in 7 dimensions constitute the appropriate degrees of freedom describing
the quantum theory. That is ̺ is a non-linear function of parameters which
seem more naturally related to stringy moduli. To clarify this point as well as
for physical applications of our results it would be important to understand
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whether our computation could be related to effective actions for generalized
G2 compactifications of physical string and M-theory. This could also help
determine the fundamental degrees of freedom of topological M-theory.
Another important issue is whether the gauge field components we have
ignored in the quantization, because they do not appear in the quadratic
action (i.e. they are projected out or neglected as total derivatives), have a
non-trivial contribution to the partition function. For instance they could be
important in defining an appropriate path integral measure and give rise to
non-trivial 1-loop determinants that would modify our results. It is possible
that resolving these subtleties could lead to a more precise agreement between
the generalized G2 Hitchin functional and topological G2 string at 1-loop.
Certainly it would be interesting to understand the global structure of the
1-loop G2 Hitchin functionals for topologically non-trivial gauge fields and
their reduction to 6 dimensions. According to the philosophy of topological
M-theory, this would provide a non-trivial gauge-theoretic description of the
coupling between the Pestun-Witten description of the B-model [11] and the
quantum foam description of the A-model [1, 2]. The observables of this
theory could compute interesting gerbe invariants.
Higher order diffeomorphism-invariant terms in the expansion of the G2
Hitchin functional can be understood as BRST-invariant operators deforming
the quadratic theory. For example, in the reduction B = b + A ∧ dt, the
cubic term in the expansion that we calculated in section 2.2 contains the∫
F ∧ F ∧ F deformation of the quadratic term ∫ k ∧ F ∧ F in the A-model
quantum foam [1, 2]. It would be interesting to understand the effect of such
higher order deformations in 7 dimensions.
Finally, since general background G2 metric variations contain complex
structure variations in 6 dimensions, it is natural to ask whether the wave-
function behaviour of B-model has a nice interpretation in 7 dimensions?
Indeed this was one of the original motivations for the proposal of topolog-
ical M-theory in [3]. It is possible that this could be understood from the
structure of partition functions we have calculated here although we have
not investigated this idea.
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A G2 and CY identities
A seven-dimensional Riemann manifold M is guaranteed to have holonomy
in the subgroup of G2 ⊂ SO(7) by the existence of a harmonic 3-form Φ. In
our conventions Φ and its Hodge-dual ∗Φ can be written
Φ = e123 − e147 − e156 − e246 + e257 + e345 + e367
∗Φ = e1245 + e1267 + e1346 − e1357 − e2347 − e2356 + e4567 , (A.1)
with respect to an orthonormal basis eI (where eI1...Ip = eI1 ∧ ... ∧ eIp).
Some useful identities for products of the components of Φ and ∗Φ are as
follows
∗ΦIJKA∗ΦPQRA = 6 δP[IδQJ δRK] + 9 δ[P[I ∗Φ QR]JK] − ΦIJKΦPQR
∗ΦIJKAΦPQA = −6 δ[P[I Φ Q]JK]
ΦIJAΦ
PQA = 2 δP[Iδ
Q
J ] + ∗Φ PQIJ . (A.2)
These identities can be proven in the orthonormal basis above but it is clear
they are also valid in any coordinate basis by simply acting on the formu-
lae with the appropriate combination of vielbeins. Other required identities
follow by taking contractions or Hodge dualizations of the ones above. For
example,
∗ΦIJAB∗ΦPQAB = 8 δP[IδQJ ] + 2 ∗Φ PQIJ
∗ΦIJABΦPAB = 4Φ PIJ
ΦIJK ǫ
ABCDEJK = 10 ∗Φ[ABCDδE]I . (A.3)
One can deduce the corresponding Calabi-Yau identities from dimensional
reduction of the G2 ones above, with Φ = ρ+k∧dt and ∗Φ = ρˆ∧dt+ 12k∧k
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(ρ and ρˆ being the real and imaginary parts of the holomorphic (3,0)-form
Ω and k being the Ka¨hler form), as in (7.1). In an orthonormal basis em for
the Calabi-Yau we can write Ω = −i dz1 ∧ dz2 ∧ dz3 and k = i
2
dzm ∧ dz¯m,
where dzm = em + i em+3. Written out explicitly, these expressions give
ρ = e126 − e135 + e234 − e456
ρˆ = −e123 + e156 − e246 + e345
k = e14 + e25 + e36 , (A.4)
and follow from the aforementioned reduction of (A.1) after relabelling 1↔ 4.
Some useful identities for products of components of ρ, ρˆ and k are
kmnk
pq + ρmnrρ
pqr = 2 δp[mδ
q
n] +
1
2
(k ∧ k) pqmn
ρmnrρ
pqr = ρˆmnrρˆ
pqr = 2 δp[mδ
q
n] − 2 k p[mk qn]
ρmnrρˆ
pqr = 2 δp[mk
q
n] − 2 δq[mk pn]
ρmnpρ
qrs + ρˆmnpρˆ
qrs = 6 δq[mδ
r
nδ
s
p] − 18 δq[mk rn k sp]
kmnk
np = −δpm
kmnρ
npq = −ρˆ pqm
kmnρˆ
npq = ρ pqm
ρmnpρ
npq = ρˆmnpρˆ
npq = 4 δqm
ρmnpρˆ
npq = 4 k qm
ǫmnpqrsρqrs = −6 ρˆmnp
ǫmnpqrsρˆqrs = 6 ρ
mnp
ǫmnpqrskrs = 6 k
[mnkp]q
1
4
ρ ∧ ρˆ = 1
6
k ∧ k ∧ k = ∗1
5 ρ[mnpρˆqrs] = 15 k[mnkpqkrs] = ǫmnpqrs . (A.5)
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B G2 cohomology
The de Rham cohomology groups on a seven-manifold M with holonomy in
G2 have the following decompositions
H0(M,R) = R
H1(M,R) = H1
7
(M,R)
H2(M,R) = H2
7
(M,R)⊕H2
14
(M,R)
H3(M,R) = H3
1
(M,R)⊕H3
7
(M,R)⊕H3
27
(M,R) . (B.1)
Similar decompositions follow for the remaining cohomology groups by Hodge
duality. The subscripts in HI
n
denote the irreducible representations n of G2
that the I-form components occupy. The non-trivial projection operators PI
n
onto these irreducible subspaces are given by
(P2
7
) PQIJ =
1
6
ΦIJAΦ
PQA =
1
3
(
δP[Iδ
Q
J ] +
1
2
∗Φ PQIJ
)
(P2
14
) PQIJ = δ
P
[Iδ
Q
J ] −
1
6
ΦIJAΦ
PQA =
2
3
(
δP[Iδ
Q
J ] −
1
4
∗Φ PQIJ
)
(P3
1
) PQRIJK =
1
42
ΦIJKΦ
PQR
(P3
7
) PQRIJK =
1
24
∗ΦIJKA∗ΦPQRA
(P3
27
) PQRIJK = δ
P
[Iδ
Q
J δ
R
K] −
1
42
ΦIJKΦ
PQR − 1
24
∗ΦIJKA∗ΦPQRA . (B.2)
These can be checked using the G2 identities in appendix A.
Smooth compact G2 manifolds have a somewhat simpler cohomology due
to the fact that all HI
7
= 0 (that is when the holonomy is the full G2 and not
a proper subgroup thereof). The only independent non-trivial cohomology
groups in this case are H3
1
, H3
27
and H2
14
. A useful way to analyze the first
two is to observe the isomorphism
αIJK = 3Φ
A
[IJ ξK]A , (B.3)
between the components αIJK in Λ
3
1
⊕Λ3
27
and the symmetric tensor represen-
tation ξIJ = ξJI of G2. The traceless part ξIJ − 17 gIJξKK of ξIJ is isomorphic
to Λ3
27
while its trace part 1
7
gIJξ
K
K is isomorphic to the singlet representation
Λ3
1
. Thus the only elements of H3
1
are constant multiples of Φ. Furthermore
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one can show that if the 3-form α defined above is closed and coclosed (i.e.
harmonic) then it follows that ξ obeys
ξII = 0 , ∇IξIJ = 0 , Φ KLI ∇KξLJ = 0 . (B.4)
The equations above are precisely those satisfied by the (linearly indepen-
dent) small variations ξIJ = δgIJ of a G2 holonomy metric gIJ in order that
the new metric gIJ + δgIJ also has G2 holonomy. Thus elements of H
3
27
cor-
respond to such G2 holonomy preserving deformations. Finally, any element
of Λ2
14
can be written as P2
14
β for some 2-form β on M . Such elements have
no other special properties, to the best of our knowledge, except that closure
d (P2
14
β) = 0 of P2
14
β implies coclosure d†(P2
14
β) = 0 identically.
C Poincare´ lemma for Λ2
14
Given a 2-form B˜ on R7 in the 14 irrep of G2 that is coclosed d
†B˜ = 0 then
the Poincare´ lemma can be used to deduce
B˜ = d†Ξ , P2
7
d†Ξ = 0 , (C.1)
for some 3-form Ξ. One can decompose Ξ into irreps of G2 as Λ
3 = Λ3
1
⊕
Λ3
7
⊕ Λ3
27
using the 3-form projection operators in appendix B, such that
ΞMNP = ΦMNP a + ∗ΦMNPQ bQ + cMNP , (C.2)
where a = 1
42
ΦMNP ΞMNP , b
Q = 1
24
∗ΦMNPQ ΞMNP and c ∈ Λ327.
The identity P2
14
d†P3
1
= 0 together with (C.1) imply we can neglect a in
Ξ because it will drop out of B˜ = P2
14
B˜ = P2
14
d†Ξ.
The identities in appendix A can be used to rewrite the second equation
in (C.1) in components as
ΦMNP ∂Q Ξ
NPQ = −4
3
ΦNPQ ∂[N
(∗ΦPQM ]R bR − cPQM ]) = 0 , (C.3)
where the identities ΦMIJ c
IJ
N = ΦNIJ c
IJ
M and Φ
MNP cMNP = 0 have also
been used. Thus an equivalent form of this equation reads
P
4
7
d
(
P
3
7
− P3
27
)
Ξ = 0 , (C.4)
a solution of which is (
P
3
7
− P3
27
)
Ξ = dα˜ , (C.5)
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where α˜ ∈ Λ2
14
. The reason that α˜ is not a general 2-form is because of the
identity P3
1
dP2
14
= 0 implying dα˜ is automatically in Λ3
7
⊕Λ3
27
as required by
the equation.
Since we have assumed P3
1
Ξ = 0 then acting on the equation above with
(P3
7
− P3
27
) gives
Ξ =
(
P
3
7
− P3
27
)
dα˜ =
(
2P3
7
− 1) dα˜ , (C.6)
and hence
B˜ = d†
(
2P3
7
− 1) dα˜ . (C.7)
D BV quantization of a free 6-form in 7 dimensions
The classical action for a free abelian p-form ωp in n dimensions is S0 =
1
2
∫
n
dωp ∧ ∗dωp. We will now describe the BV quantization of this action for
the special case of p = 6 and n = 7, where ω6 = C.
The classical action for ω6 is degenerate under the gauge transformations
δω6 = dλ5. Thus we must introduce a fermionic ghost ω5 for this symmetry.
The gauge symmetry is reducible for gauge parameters λ5 = dλ4. This
necessitates the addition of a ghost-for-ghost bosonic field ω4. Continuing this
line of reasoning leads to a tower of descendent p-form ghosts ωp, associated to
ω6, with 0 ≤ p < 6 and Grassmann parity (−1)p. Thus we have the collection
Φ = {ωp|p = 0, ..., 6} of fields+ghosts with associated BRST transformations
Qωp = dωp−1 , (D.1)
such that Qω0 = 0. The corresponding set of anti(fields+ghosts) are Φ
∗ =
{χ7−p|p = 0, ..., 6}, where χ7−p is a (7 − p)-form with Grassmann parity
(−1)p+1. The master equation QΦ = δS/δΦ∗ then fixes the form ∫ Φ∗ ∧QΦ
of the minimal contribution to the classical action from these fields. The
minimal solution of the master equation therefore corresponds to the action
S = S0 +
5∑
p=0
∫
χ6−p ∧ dωp , (D.2)
from which one derives the BRST transformations
Qχ1 = d ∗ dω6 , Qχp = dχp−1 (p = 2, ..., 6) , (D.3)
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for the antifields. The BRST transformation of χ7 can be an arbitrary BRST-
invariant function. These transformations are indeed nilpotent and generate
a global symmetry of S.
To fix all the residual gauge symmetries in a systematic way requires the
introduction of quite an elaborate set of non-minimal fields. We will not need
to get into the details of their BRST structure but let us just note that the
appropriate gauge fermion here is
Ψ =
6∑
k=1
∫
γ8−k ∧ d†ωk +
6∑
k=2
∫
γ8−k ∧ dθk−2 +
6∑
k=3
∫
θk−2 ∧ d†α10−k
+
6∑
k=4
∫
α10−k ∧ dβk−4 +
∫
β1 ∧ d†ε7 + β2 ∧ d†ε6 +
∫
ε6 ∧ dϕ0 .
(D.4)
The form degree and parity of all the non-minimal fields appearing here
should be implicit. Imposing the gauge fermion constraint Φ∗ = δΨ/δΦ and
integrating out the Lagrange multiplier fields in the non-minimal terms in
the action then leads to the following antifield constraints
χk = d
†γk+1 (k = 1, ..., 6) , χ7 = 0
γ∗k = d
†ωk+1 + dθk−1 = 0 (k = 0, ..., 5)
θ∗k = dγk−1 + d
†αk+1 = 0 (k = 3, ..., 7)
α∗k = d
†θk+1 + dβk−1 = 0 (k = 0, 1, 2, 3)
β∗k = dαk−1 + d
†εk+1 = 0 (k = 5, 6, 7)
ε∗k = d
†βk+1 + dϕk−1 = 0 (k = 0, 1)
ϕ∗7 = dε6 = 0 . (D.5)
Solving these equations implies the non-minimal fields (ϕ0, ε6,7, β0,1,2, α4,5,6,7, θ0,1,2,3,4)
are harmonic, γ2,3,4,5,6,7 are closed and ω1,2,3,4,5,6 are coclosed. The latter con-
dition corresponds to the expected gauge-fixing constraint for p-forms.
Imposing these constraints in the non-minimal action solving the master
equation leads us to the gauge-fixed action
S =
1
2
∫
ω6 ∧ ∗∆ω6 +
6∑
k=1
∫
γk+1 ∧∆ω6−k . (D.6)
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One can also verify that the aforementioned constraints solve the equation∫
Φ∗∧Φ =∑6k=1 χk ∧ω7−k = 0, defining the graded Lagrangian submanifold
in configuration space.
Using the techniques of Schwarz that were reviewed in section 4, we are
now ready to compute the partition function for the free 6-form. The resol-
vent for the classical action S0 here has the associated differential complex
0 −→ Λ0 d−→ . . . d−→ Λ6 d†d−→ Λ6 −→ 0 , (D.7)
where n = 6, Γi = Λ
6−i, Ti = d6−i and the extension by K = d
†
7d6 has
been included (using the notation of section 4). With these identifications,
Schwarz’s formula (4.3) for the partition function reads
Z6 = (det d
†
7d6)
−1/2
∣∣∣∣det (d5)det (d3)det (d1)det (d4)det (d2)det (d0)
∣∣∣∣ . (D.8)
The leading term can be written in a similar form to the other terms using
the identities |det d6| = (det (d†7) det (d6))1/2 = (det d†7d6)1/2. This allows
us to identify Z6 as the reciprocal of the Ray-Singer torsion IRS of the 7-
manifold (see e.g. equation (2.21) in [11] for explicit identification). For our
purposes it will be more convenient to write Z6 in terms of determinants
of Laplacian operators ∆ = dd† + d†d. This can be easily achieved using
standard properties of determinants (see [11, 12]) to give
Z6 =
(det∆5)
(det∆6)1/2
(det∆3)2
(det∆4)3/2
(det∆1)3
(det∆2)5/2
1
(det∆0)7/2
. (D.9)
Superscripts ∆p denote the action of ∆ on Λp. It is perhaps worth concluding
with a comment on why we might expect this somewhat novel result. Re-
call that the Ray-Singer torsion is a topological invariant of a differentiable
manifold in odd dimensions and can be understood as the analytic torsion
of the de Rham complex of the manifold. We refer to the result as novel
since Z6 corresponds to the analytic torsion of the complex (D.7) and not
the de Rham complex (despite the fact they are identical up to the last term).
Nonetheless, we may still have expected a topological invariant given that
we are describing the special case of a free 6-form in 7 dimensions – which
has no local on-shell degrees of freedom. Indeed this result generalizes to any
classical action S0 =
1
2
∫
n
dωn−1 ∧ ∗dωn−1 describing a free (n− 1)-form in n
dimensions.
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We end this appendix by noting a nice relation between the partition
function for a free p-form gauge field ω and a free (n−p−2)-form gauge field
ω˜, in odd dimensions n = 2k + 1, involving the Ray-Singer torsion. Recall
that such gauge fields describe equivalent local degrees of freedom in that the
field equation d†G = 0 and Bianchi identity dG = 0 for ω (where G = dω)
can also be written as dG˜ = 0, d†G˜ = 0, in terms of G˜ = ∗G = dω˜. Without
loss of generality, we will now assume p = 2r + 1 (the dual field will then
always have even degree in odd dimensions). The partition functions for ω
and ω˜ are
Zω = (det∆
2r+1)−1/2(det∆2r)(det∆2r−1)−3/2...(det∆0)r+1 (D.10)
Zω˜ = (det∆
2(k−r)−2)−1/2(det∆2(k−r)−3)(det∆2(k−r)−4)−3/2...(det∆0)−(k−r−1)−1/2 .
Some algebra and use of Hodge duality det∆p = det∆n−p then implies that
the ratio
Zω/Zω˜ =
k∏
i=0
(det∆i)(−1)
i((k−i)+1/2) = (IRS)
(−1)k+1 . (D.11)
E BV quantization of E˜
Following the discussion of resolvents in section 4, we identify Γ0 = Λ
4
27⊕1 in
the action
∫
M0
dE˜∧∗ (3
2
P
5
7
− 1) dE˜ for E˜ in (5.14). For suitable normalization
of E˜, the kinetic operator in this action is
K = −d†Md =
[
∆4
27
− P4
27
dd†P4
27
− 9
2
P
4
1
dd†P4
27
]
− 1
2
[
∆4
1
− dd†P4
1
]
,
(E.1)
where M = 1
2
P
5
7
− P5
14
. This kinetic operator is self-adjoint and indeed maps
Λ4
27⊕1 → Λ427⊕1, which follows from the identity P47d†MdP427⊕1 = 0 using
P
4
7
dd†P4
1
= 0.
The classical action for E˜ above is invariant under the gauge transforma-
tion δE˜ = P4
27⊕1dν, for any ν ∈ Λ327⊕7 (the singlet part of ν is projected out
of the gauge transformation). Furthermore this gauge symmetry is reducible
for ν = P3
27⊕7dε, for any 2-form ε. The projection operators do not commute
with the exterior derivative so this statement is not obvious, but follows by
noting P3
27⊕7dε = dP
2
14
ε + P3
27⊕7dP
2
7
ε and using that dP3
1
dP2
7
ε ∈ Λ4
7
. The
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remaining reducibilities are for ε = dξ, for any 1-form ξ, and ξ = dγ, for any
scalar γ.
In the notation of section 4, we therefore have a resolvent with n = 4
and T1 = P
4
27⊕1d3, T2 = P
3
27⊕7d2, T3 = d1, T4 = d0 (their adjoints being just
T † = d† 20 ). The appropriate complex is
0 −→ Λ0 d−→ Λ1 d−→ Λ2 P
3
27⊕7d−→ Λ3
27⊕7
P4
27⊕1d−→ Λ4
27⊕1
K−→ Λ4
27⊕1 −→ 0 , (E.2)
with the extension by K included.
Using these identifications, the partition function (4.3) for
∫
M0
dE˜∧∗ (3
2
P
5
7
− 1) dE˜
can be written
Z27⊕14 = (detK)
−1/2 |det (P4
27⊕1d3)||det (P327⊕7d2)|−1|det (d1)||det (d0)|−1
= (det∆4
27⊕1)
−1/2(det∆3
27⊕7)(det∆
2)−3/2(det∆1)2(det∆0)−5/2
= (det ∆27)
1/2(det ∆14)
−3/2(det ∆7)
3/2(det ∆1)
−3 = I−1RS . (E.3)
The second equality has been obtained using det (K+T1T
†
1 ) = (detK)|det T1|2
and similar descendent identities for the resolvent. The final equality uses
the various G2 isomorphisms described in section 5.4. Thus we conclude that
the partition function for E˜ is also equal to the inverse Ray-Singer torsion.
F Hamiltonian action on G2 string states
In order to determine the action of Hamiltonian operators HL and HR on the
spectrum of the G2 string, the two main examples to consider are states of the
form AM(X)ψ
M
L in 7⊗1 ∼= 7 and BMN(X)ψML ψNR in 7⊗7 ∼= 14⊕7⊕27⊕1.
Note that the latter state need have no definite (anti)symmetry properties
since ψL and ψR live in different sectors of the worldsheet theory. Following
appendix B, the symmetric part 7 ⊗s 7 is isomorphic to Λ327⊕1 while the
antisymmetric part 7⊗a7 corresponds to a general 2-form in Λ214⊕7. All other
cases can be mapped into these two examples this using the isomorphisms
between the various G2 irreps in the exterior algebra.
We start with the 7⊗ 7 case, since the other example follows easily from
this one. We know from [5] that the action of QL on this state is given by
QL : BM1N1 −→ (P27) M3M4M1M2 ∇M3BM4N1 , (F.1)
20Actually T †
1
= P3
27⊕7d
†
4
but this is identical to d†
4
when acting on elements of Λ4
27⊕1
since P3
1
d†P4
27⊕1 = 0.
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i.e. Dˇ acting only on the left indices. The state QLB is an element of
Λ2
7
⊗ Λ1
7
. To define HL, we also need to understand the action of the ad-
joint operator Q†L. With respect to the standard inner product 〈ω, ξ〉 =∫
d7x
√
g gA1B1 ...gAnBn ωA1...AnξB1...Bn of rank n tensors, the adjoint of QL
acting on B is defined
〈Ω, QLB〉 = 〈Q†LΩ, B〉 , (F.2)
for any Ω ∈ Λ2
7
⊗ Λ1
7
. The left hand side of this equation is given by
〈Ω, QLB〉 = 6
∫
d7x
√
gΩM1M2N1(P2
7
) M3M4M1M2 ∇M3BM4N1
= − 6
∫
d7x
√
g
(∇M3ΩM1M2N1(P27) M3M4M1M2 )BM4N1
= 〈Q†LΩ, B〉 ,
from which one reads off 21
Q†L : ΩM1M2N1 −→ 6∇M2ΩM3M4N1(P27) M3M4M1M2 . (F.3)
Thus we can now compute
(Q†LQLB)M1N1 = 6∇M2[(P27) M5M6M3M4 ∇M5BM6N1 ](P27) M3M4M1M2
= 6∇M2∇M3BM4N1(P27) M3M4M1M2 ,
using (P2
7
)2 = P2
7
. Now substituting the explicit form (P2
7
) PQIJ =
1
3
(
δP[Iδ
Q
J ] +
1
2
∗φ PQIJ
)
of the projector we find
(Q†LQLB)M1N1 = −∇2BM1N1 +∇M2∇M1BM2N1 +∇M2∇M3BM4N1∗φ M3M4M1M2 .
(F.4)
Notice that the right-sector index of B has just gone along for the ride in the
calculation above.
To get HL we still need to compute QLQ
†
LB. It is easy to show that
Q†L : BM1N1 −→ −∇M1BM1N1 , (F.5)
and then
(QLQ
†
LB)M1N1 = −∇M1∇M2BM2N1 . (F.6)
21The extra factor of 6 comes via the identity φMABφ
NAB = 6δNM , which leads to the
different normalizations of the Λ2
7
⊗ Λ1
7
and Λ1
7
⊗ Λ1
7
inner products.
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Putting these results together gives
HLBM1N1 = −∇2BM1N1 − [∇M1 ,∇M2]BM2N1 + [∇M2,∇M3 ]BM4N1∗φ M3M4M1M2
= −∇2BM1N1 −RM1M2N1N2BM2N2 +R N2M2M3N1 BM4N2∗φ M2M3M4M1
= −∇2BM1N1 − 3RM1M2N1N2BM2N2 , (F.7)
where we have used φAMNRMNPQ = 0 on a G2 manifold (i.e. the curvature
2-form must transform in the adjoint 14 of G2). Consequently one finds that
∗φ ABMN RABPQ = −2RMNPQ whose trace implies Ricci-flatness RMN = 0 by
virtue of the Bianchi identity RM [NPQ] = 0. Both these results have also
been used above.
Let us now decompose BM1N1 into symmetric and antisymmetric compo-
nents and consider the action of HL on each component. If we take BM1N1
to be symmetric then (F.7) corresponds to the Lichnerowicz Laplacian act-
ing on a metric deformation of the G2 manifold [5, 28]. We can map the
symmetric tensor B to a 3-form ω in Λ3
27⊕1 via the isomorphism
ωIJK = 3φ
A
[IJ BK]A , (F.8)
described in appendix B. Thus, multiplying (F.7) with φ followed by appro-
priate contraction and antisymmetrization, one obtains
HL ωIJK = −∇2ωIJK − 3
2
RAB[IJωK]AB . (F.9)
The expression above follows using the G2 curvature identity φ
A
[IJRK]ABC =
0 (this again follows from both pairs of indices of the Riemann tensor being
in the 14 irrep of G2).
Recalling the Weitzenboch formula
(∆pω)I1...Ip = −∇2ωI1..Ip−
p
(p− 1)!RA[I1ω
A
I2...Ip]−
1
4
p(p− 1)
(p− 2)!RAB[I1I2ω
AB
I3...Ip]
(F.10)
for p-forms we see that, under the map from symmetric tensors to 3-forms,
HL maps to the ordinary 3-form Laplacian ∆
3 = dd†+d†d on a G2 manifold.
On the other hand, if B is antisymmetric then one can easily check that
(F.7) just reduces to the Weitzenboch formula for 2-forms. Putting this
together we have shown that HL = HR = ∆
2 + ∆3
27⊕1 on states in the
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7 ⊗ 7 representation. It will be convenient to sometimes refer to this as
∆7⊗7 = ∆
2
14
+∆2
7
+∆3
27
+∆3
1
.
We now wish to determine the action of HL +HR on states of the form
AM(X)ψ
M
L in 7⊗1. Repeating the calculation above for this simpler case we
find
{QL, Q†L}AM = −
1
3
(
∇2AM − 1
2
∗ φ ABCM RABCDAD
)
= −1
3
∇2AM
{QR, Q†R}AM = −∇2AM , (F.11)
using again Ricci-flatness RMN = 0 and the Bianchi identity RM [NPQ] = 0.
Thus HL = HR = ∆
1 = ∆1
7
, up to normalization.
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